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Abstract. Let S be the Stone space of a complete, non-atomic, Boolean 
algebra. Let G be a countably infinite group of homeomorphisms of S. Let 
the action of G on S have a free dense orbit. Then we prove that, on a generic 
subset of 5, the orbit equivalence relation coming from this action can also 
be obtained by an action of the Dyadic Group, ©Z2. As an application, we 
show that if M is the monotone cross product C* -algebra, arising from the 
natural action of G on C{S), and if the projection lattice in C{S) is countably 
generated then M can be approximated by an increasing sequence of finite 
dimensional subalgcbras. On each S, in a class considered earlier, we construct 
a natural action of ^1,2 with a free, dense orbit. Using this we exhibit a 
huge family of small monotone complete C*-algebras, {Bx,^ G A) with the 
following properties: (i) Each Bx is a Type III factor which is not a von 
Neumann algebra, (ii) Each Bx is a quotient of the Pedersen-Borel envelope 
of the Fermion algebra and hence is strongly hyperfinite. The cardinality of A 
is 2'^, where c = 2^" . When X fJ, then Bx and B/j, take different values in the 
classification semi-group; in particular, they cannot be isomorphic. 



1. Introduction: monotone complete C*-algebras 

Let A be a C*-algebra. Its self-adjoint part, Asa, is a partially ordered, real 
Banach space whose positive cone is {zz* : z € A}. If each upward directed, norm- 
bounded subset of Asa, lia-s a least upper bound then A is said to be monotone 
complete. Each monotone complete C*-algebra has a unit element (this follows 
by considering approximate units). Unless we specify otherwise, all C*-algebras 
considered in this note will possess a unit element. Every von Neumann algebra is 
monotone complete but the converse is false. 

Monotone complete C*-algebras arise in several different areas. For example, 
each injective operator system can be given the structure of a monotone complete 
C*-algebra, in a canonical way. Injective operator spaces can be embedded as 
"corners" of monotone complete C*-algebras, see Theorem 6.1.3 and Theorem 6.1.6 

[m and danH]. 

When a monotone complete C*-algebra is commutative, its lattice of projections 
is a complete Boolean algebra. Up to isomorphism, every complete Boolean algebra 
arises in this way. 

We recall that each commutative (unital) C*-algebra can be identified with 
C{X), the algebra of complex valued continuous functions on some compact Haus- 
dorff space X. Then C{X) is monotone complete precisely when X is extremally 
disconnected, that is, the closure of each open subset of X is also open. 
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Monotone complete C*-algebras are a generalisation of von Neumann algebras. 
The theory of the latter is now very well advanced. In the seventies the pioneering 
work of Connes, Takesaki and other giants of the subject transformed our knowledge 
of von Neumann algebras, see [38]. By contrast, the theory of monotone complete 
C*-algebras is very incomplete with many fundamental questions unanswered. But 
considerable progress has been made in recent years. 

This article follows on from j34) where we introduced a classification semi-group 
for small monotone complete C*-algebras which divides them into 2"^ distinct equiv- 
alence classes. But it is not necessary to have read that paper in order to understand 
this one. Our aim is to be comprehensible by anyone with a grounding in functional 
analysis and some exposure to the more elementary parts of C*-algebra theory, say, 
the first chapter of [39j . 

A monotone complete C*-algebra is said to be a factor if its centre is one di- 
mensional; we may regard factors as being as far removed as possible from being 
commutative. Just as for von Neumann algebras, each monotone complete factor is 
of Type I or Type IIi or Type IIoo , or Type III. Old resuhs of Kaplansky 24, 25, 2_6] 
imply that each Type I factor is a von Neumann algebra. This made it natural for 
him to ask if this is true for every factor. The answer is "no", in general. We call 
a factor which is not a von Neumann algebra wild. 

A C*-algebra is separably representable when it has an isometric ^-representation 
on a separable Hilbert space. As a consequence of more general results, Wright 
[48] showed that if a monotone complete factor is separably representable (as a C*- 
algebra) then it is a von Neumann algebra. So, in these circumstances, Kaplansky's 
question has a positive answer. 

Throughout this note, a topological space is said to be separable if it has a 
countable dense subset; this is a weaker property than having a countable base of 
open sets. (But if the topology is metrisable, they coincide.) Akemann Ij showed 
that a von Neumann algebra has a faithful representation on a separable Hilbert 
space if, and only if its state space is separable. 

We call a C*-algebra with a separable state space almost separably representable. 
Answering a question posed by Akemann, see [l], Wright |51j gave examples of 
monotone complete C*-algebras which have separable state spaces but which are 
NOT separably representable. 

If a monotone complete factor M possesses a strictly positive functional and is 
not a von Neumann algebra then, as an application of a more general result in 
[55] M must be of Type III, see also [30] ■ Whenever an algebra is almost separably 
representable then it possesses a strictly positive functional. (See Corollary 3.2). 
So if a wild factor is almost separably representable then it must be of Type III. 

A (unital) C* -algebra A is said to be small if there exists a unital complete 
isometry of A into L{H), where H is a separable Hilbert space. See [31] and 

[M [Sl- 
it turns out that A is small if, and only if, A (g) M„(C) has a separable state 
space for n ~ 1, 2, ...,[31]. So clearly every small C*-algebra is almost separably 
representable. We do not know if the converse is true, but it is true for monotone 
complete factors, [31]. 

Examples of (small) wild factors were hard to find. The first examples were due to 
Dyer [10] and Takenouchi [37] . As a consequence of a strong uniqueness theorem of 
Sullivan- Weiss- Wright p6l, it turned out that the Dyer factor and the Takenouchi 
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factor were isomorphic. See also [29] where the Dyer factor was identified as a 
monotone cross product of the Dixmier algebra by an action of the dyadic rationals. 

Another method of finding wild factors was given by Wright [15] ■ He showed that 
each C*-algebra A could be embedded in its "regular a— completion" , A. When 
A is separably representable then A is monotone complete and almost separably 
representable. Furthermore, when A is infinite dimensional, unital and simple, 
then A is a wild factor. But it was very hard to distinguish between these factors. 
Indeed one of the main results of [3^ showed that an apparently large class of wild 
factors were, in fact, a unique (hyperfinite) factor. Some algebras were shown to be 
different in [32l [20l |33] . In 2001 a major breakthrough by Hamana [19] showed that 
there were 2'^ non-isomorphic (small) wild factors, where c = 2^°. This pioneering 
paper has not yet received as much attention as it deserves. 

In [M] we introduced a quasi-ordering between monotone complete C*-algebras. 
From this quasi-ordering we defined an equivalence relation and used this to con- 
struct a classification semi-group W for a class of monotone complete C*-algebras. 
This semi-group is abelian, partially ordered, and has the Riesz decomposition 
property. For each monotone complete, small C*-algebra A we assign a "normality 
weight", w{A) £ W. If A and B are algebras then w{A) = w{B), precisely when 
these algebras are equivalent. It turns out that algebras which are very different 
can be equivalent. In particular, the von Neumann algebras correspond to the zero 
element of the semi-group. It might have turned out that W is very small and fails 
to distinguish between more than a few algebras. This is not so; the cardinality of 
W is 2", where c = 2^o. 

One of the useful properties of W is that it can sometimes be used to replace 
problems about factors by problems about commutative algebras [53] . For example, 
let Gj be a countable group acting freely and ergodically on a commutative mono- 
tone complete algebra Aj {j — 1,2). By a cross-product construction using these 
group actions, we can obtain monotone complete C*-factors Bj {j — 1,2). Then it 
is easy to show that wAj = wBj. So if the commutative algebras Ai and A2 are 
not equivalent, then wBi ^ wB2. In particular, i?iand B2 are not isomorphic. 

Influenced by iiT— theory, it is natural to wish to form the Grothendieck group 
of the semi-group W. This turns out to be futile, since this Grothendieck group 
is trivial, because every element of W is idempotent. By a known general theory 
[15j . this implies that W can be identified with a join semi- lattice. The Riesz 
Decomposition Property for the semigroup turns out to be equivalent to the semi- 
lattice being distributive. So the known theory of distributive join semi-lattices can 
be applied to W. 

To each monotone complete C*-algebra A we associated a spectroid invariant 
dA f34'. Just as a spectrum is a set which encodes information about an operator, 
a spectroid encodes information about a monotone complete C*-algebra. It turns 
out that equivalent algebras have the same spectroid. So the spectroid may be used 
as a tool for classifying elements of W. For a generalisation of spectroid, see [42] . 

One of the many triumphs of Connes in the theory of von Neumann algebras, 
was to show that the injective von Neumann factors are precisely those which are 
hyperfinite [6], see also |38j . It is natural to conjecture an analogous result for wild 
factors. See [5] [33] But this is not true. For, by applying deep results of Hjorth and 
Kechris [22], it is possible to exhibit a small, wild, hyperfinite factor which is not 
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injective. We shall give details of this, and other more general results in a sequel 
to this paper. 

When dealing with monotone complete C*-algebras, saying precisely what we 
mean by " hyperfinite" , " strongly hyperfinite" , " approximately finite dimensional" 
and " nearly approximately finite dimensional" , requires subtle distinctions which 
are not needed in von Neumann algebra theory. See Section 12 for details. 

(# )Let A be a set of cardinality 2^^, where c = 2^". Then we showed in [34] 
that there exists a family of monotone complete C*-algebras {B\ : A G A} with 
the following properties. Each B\ is a monotone complete factor of Type III, and 
also a small C*-algebra. For A 7^ /i, B\ and i?^ have different spectroids and so 
wBx ^ wB^ and, in particular, B\ is not isomorphic to _B^. We show, in Section 
12, that, by using the machinery constructed in this paper, we may choose each B\ 
such that it is generated by an increasing sequence of full matrix algebras. 

2. Introduction: Generic dynamics 

An elegant account of Generic Dynamics is given by Weiss [H]; the term first 
occurred in In these articles, the underlying framework is a countable group 
of homeomorphisms acting on a complete separable metric space with no isolated 
points (a perfect Polish space). This corresponds to dynamics on a unique compact, 
Hausdorff, extremally disconnected space (the Stone space of the complete Boolean 
algebra of regular open subsets of R). 

Let G be a countable group. Unless we specify otherwise, G will always be 
assumed to be infinite and equipped with the discrete topology. Let X be a Haus- 
dorff topological space with no isolated points. Further suppose that A" is a Baire 
space i.e. such that the only meagre open set is the empty set. (This holds if X is 
compact or a G-delta subset of a compact Hausdorff space or is homeomorphic to 
a complete separable metric space.) A subset F of AT is said to be generic, if X\y 
is meagre. 

Let e be an action of G on AT as homeomorphisms of X . 

In classical dynamics we would require the existence of a Borel measure on X 
which was G-invariant or quasi- invariant, and discard null sets. In topological 
dynamics, no measure is required and no sets are discarded. In generic dynamics, 
we discard meagre Borel sets. 

We shall concentrate on the situation where, for some xq £ A", the orbit {eg{xo) : 
g S G} is dense in X. Of course this cannot happen unless X is separable. Let S be 
the Stone space of the (complete) Boolean algebra of regular open sets of X. Then, 
see below, the action e of G on AT induces an action e of G as homeomorphisms of 
S; which will also have a dense orbit. 

When, as in [41], AT is a perfect Polish space, then, as mentioned above, S is 
unique; it can be identified with the Stone space of the regular open sets of R. 
But if we let X range over all separable compact subspaces of the separable space, 
2", then we obtain 2"^ essentially different S; where S is compact, separable and 
extremally disconnected. For each such S, C{S) is a subalgebra of £°°. 

Let E be the relation of orbit equivalence on 5". That is, sEt, if, for some group 
element g, eg(s) = t. Then we can construct a monotone complete G*-algebra Me 
from the orbit equivalence relation. When there is a free dense orbit, the algebra 
will be a factor with a maximal abelian subalgebra. A, which is isomorphic to C{S). 
There is always a faithful, normal, conditional expectation from Me onto A. 
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For / e C{S), let 7^(/) — f o Sg-i. Then g ^ is an action of G as au- 
tomorphisms of C{S). Then we can associate a monotone complete C*-algebra 
M(C{S),G), the monotone cross-product (see [37] ) with this action. When the 
action e is free, then AI{C{S),G) is naturally isomorphic to Me- In other words, 
the monotone cross-product does not depend on the group, only on the orbit equiv- 
alence relation. This was a key point in j36j where a strong uniqueness theorem 
was proved. 

In this article we consider 2'^ algebras C{S), each taking different values in the 
weight semi-group W. (Here c = 2^", the cardinahty of M.) 

There is no uniqueness theorem but we do show the following. Let G be a 
countably infinite group. Let a be an action of G as homeomorphisms of S and 
suppose this action has a single orbit which is dense and free. Then, modulo meagre 
sets, the orbit equivalence relation obtained can also be obtained by an action of 
^ Z2 as homeomorphisms of 5*. 

This should be compared with the situation in classical dynamics, e.g. It is 
shown in [7J that any action by an amenable group is orbit equivalent to an action 
of Z. But, in general, non-amenable groups give rise to orbit equivalence relations 
which do not come from actions of Z. 

On each of 2'^, essentially different, compact extremally disconnected spaces we 
construct a natural action of ^Z2 with a free, dense orbit. This gives rise to a 
family of monotone complete C*-algebras, {Bx,X G A) with the properties (#) 
described above. 

Let E be the orbit equivalence relation arising from a free, ergodic action of G. 
Furthermore, suppose that the complete Boolean algebra of projections in C{S) is 
countably generated. Let M{Me ) be the smallest monotone closed *— subalgebra 
of Me which contains the normalising unitaries of A (that is the set of all unitaries 
u such that u* Au = A.). Then M{Me ) is an approximately finite dimensional 
(AFD) factor. More precisely there is an increasing sequence of finite dimensional, 
unital, *— subalgebras oiM{ME ), whose union cr— generates A/'(M£;). (In contrast 
to the situation for von Neumann factors, we do not know whether we can always 
take these finite dimensional subalgebras to be full matrix algebras.) As pointed 
out above, we need to make a number of subtle distinctions when approximating 
monotone complete algebras by finite dimensional subalgebras; see Sectionl2 for 
details. For example Me is "nearly AFD". But in Section 11 we construct huge 
numbers of examples of Z2 actions on spaces S, which give rise to factors which 
we show to be strongly hyperfinite. 

3. Monotone ct-complete C*-algebras 

Although our focus is on monotone complete C*-algebras, we also need to con- 
sider more general objects, the monotone cr— complete C*-algebras. 

A C*-algebra is monotone a— complete if each norm bounded, monotone increas- 
ing sequence of self-adjoint elements has a least upper bound. 

Lemma 3.1. Let A be a monotone a— complete C* -algebra. Let there exist a pos- 
itive linear Junctional /i : A — > C which is faithful. Then A is monotone complete. 
Let A be a downward directed subset of A^a which is bounded below. Then there ex- 
ists a monotone decreasing sequence (x„), with each Xn S A, such that the greatest 

00 

lower bound of (xn), /\ Xn, is the greatest lower bound of A. 
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Proof. See [35]. □ 

Corollary 3.2. When an almost separably representable algebra is unital and 
monotone a— complete then it is monotone complete. 

Proof. If A is almost separably representable we can find states {(j)n){n = 1,2...) 
which are dense in its state space. Then <j) = J2^=i is a faithful, positive 

linear functional. □ 



Let A be a C*-subalgebra of L{H). Let F be a real subspace of the real Banach 
space L{H)sa- We call V a cr— closed subspace of L{H)sa if, whenever (a„) is 
an upper bounded, monotone increasing sequence in V then its limit in the weak 
operator topology is in V. Consider the family of all (t— closed subspaces which 
contain Asa, then the intersection of this family is the (smallest) cr— closed subspace 
containing Asa - By a theorem of Pedersen this is the self-adjoint part of a monotone 
cr-complctc C*-subalgebra of L{H). See Theorem 4.5.4 ^5] . 

Let B he a. (unital) C*-algebra. Let us recall some well known classical results 
[321 dHl- Let {tt,H) be the universal representation of B i.e. the direct sum of all 
the GNS representations corresponding to each state of B. Then the second dual of 
B, B" , may be identified with the von Neumann envelope of 7r(_B) in L{H). Let i?^ 
be the smallest subspace of -B"(j,( the self-adjoint part of B"), which is closed under 
taking limits (in the weak operator topology) of bounded, monotonic sequences. 
Let _B°° = +iB^. Then by Pedersen's theorem B°° is a monotone cr— complete 
C*-subalgebra of B" . We call B°° the Pedersen-Borel envelope of _B. (Pedersen 
called this simply the "Borel envelope", it has also, with some justice, been called 
the Baire envelope.) 

Let i? be a monotone cr- complete C*-algebra. We recall that V C Bsa is a 
a— subspace of Bsa, if is a real vector subspace of Bsa such that, whenever (6„) is 
a monotone increasing sequence in V, which has a supremum b in Bsa, then b G V. 
(In particular, the cr— subspaces of L{H) are precisely the cr— closed subspaces of 
L{H).) 

A cr— subalgebra of i? is a *-subalgebra whose self-adjoint part is a cr— subspace 
of Bsa- It follows from Lemma 1.2 [44] that each cr— subalgebra is closed in norm 
and hence is a C*-subalgebra; see also [5]. 

Further, J is a cr— ideal of i? if J is a C*-ideal of B and also a cr— subalgebra of 

B. 

When B and A are monotone cr— complete C*-algebras, a positive linear map 
(j) : B ^ A is said to be abnormal if, whenever (6„) is monotone increasing and 
bounded above, then maps the supremum of (&«), to the supremum of (0(5„)),i.e. 

oo oo 

4>{\Jbn)= \J 4>{bn)- 
n—1 n—1 

Lemma 3.3. Let A be a monotone a— complete C* -algebra and let J be a a— ideal 
of A. Let q be the quotient homomorphism of A onto A/ J. Then A/ J is monotone 
a— complete and q is a—normal. Let (c„) be a monotone increasing sequence in the 
self-adjoint part of A/ J which is bounded above by c. Then there exists a monotone 
increasing sequence {an) in Asa such that (?(&„) — Cn for each n and (a„) is bounded 
above by a where q{a) = c. 

Proof. This follows from Proposition 1.3 and Lemma 1.1 [44], see also [29]. □ 
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The following representation theorem was proved by Wright in [45 . It may be 
thought of as a non-commutative generalisation of a theorem of Loomis and Sikorski 
in Boolean algebras [TBI . 




Proposition 3.4. Let B be a monotone a— complete C* -algebra. Then there exists 
a a— normal homomorphism, tt, from B°° onto B, such that 7r(6) = b for every 
b Cz B. Let J be the kernel of the homomorphism tt. Then J is a a— ideal of B°° and 
B = B°°/J. 

Corollary 3.5. Let A and B be C* -algebras and let B be monotone a— complete. 
Let <j) : A ^ B be a positive linear map. Then (f) has a unique extension to a 
a— normal positive linear map, 0, from A°° into B. When (j) is a * -homomorphism 
the following hold: First (j) is also a * -homomorphism. Secondly, the range of (j) 
is a G— subalgebra of B. Thirdly, the self adjoint part of (l)[A°°] is the smallest 
a~subspace of Bga which contains (:j)[Asa]- Finally, the kernel of (j) is a a— ideal, J, 
such that A°°/jKif[A°°]. 

For a proof, see Proposition 1.1 |46| . 

REMARK Let 5 be a subset of a monotone ct— complete C*-algebra B. Let A be 
the smallest (unital) C*-subalgebra of B which contains S. Let (p be the inclusion 
map from A into B. By applying the preceding result, the smallest cr— subspace of 
Bga which contains A^a is the self adjoint part of a cr— subalgebra C of B. It is now 
natural to describe C as the cr— subalgebra of B which is cr— generated by S. 



We gather together some topological results which will be useful later. The most 
important of these is Theorem 4.7. We hope the presentation here is clear enough 
to ensure that the reader can reconstruct any missing proofs without difficulty. If 
we have misjudged this, we apologise and refer the reader to [14], see also [2]. 

Throughout this section, if is a compact Hausdorff space and D is a dense subset 
of K, equipped with the relative topology induced by K. It is easy to see that K 
has no isolated points if, and only if D has no isolated points. 

Let us recall that a topological space T is extremally disconnected if the closure 
of each open subset is still an open set. 

When K is extremally disconnected then, whenever Z is a compact Hausdorff 
space and / : _D — )■ Z is continuous, there exists a unique extension of / to a contin- 
uous function F : /f Z. In other words, K is the Stone-Czech compactification 
of D. (This is Theorem 4.7.) 

For any compact Hausdorff space K, the closed subsets of D, in the relative 
topology, are all of the form FDD where is a closed subset of K. For any S C K, 
we denote the closure of S (in the topology of K) by cl{S). For 5 C -D, we note 
that the closure of this set in the relative topology of D is cl{S) fl D. We denote 
this by cId{S). We also use intS for the interior of S and, when S G D, the interior 
with respect to the relative topology is denoted by intoS. 

The following lemmas are routine point-set topology. 

Lemma 4.1. Let K be a compact Hausdorff space and D a dense subset of K. 
(i) For any open subset U of K we have cl{U) — cl{U n D). 
(a) Let U, V be open subsets of K. Then V C Cl{U) if, and only if. 




4. Extending continuous functions 
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vr\D d ci{u nD)nD = cId{u n d). 

(in) Let U be an open subset of K. Then 
D n int{clU) = intoiclDiU H D)). 

(iv) If U is a regular open subset of K then U H D is a regular open subset of D 
in the relative topology of D. Conversely, if E is a regular open subset of D in the 
relative topology, then E — V Cl D where V is a regular open subset of K. 

For any topological space Y we let RegY denote the Boolean algebra of regular 
open subsets of Y. 

Let H : V{K) V{D) be defined by H{S) = SnD. 

Lemma 4.2. The function H, when restricted to RegK, is a Boolean isomorphism 
of RegK onto RegD. 

Lemma 4.3. A Hausdorff topological space T is extremally disconnected if, and 
only if, each regular open set is closed, and hence clopen. 

Corollary 4.4. Let D be a dense subset of a compact Hausdorff extremally dis- 
connected space S. Let D be equipped with the relative topology. Then D is an 
extremally disconnected space. 

Proof. Let V he a regular open subset of D. Then, by Lemma 4.1, part (iv), there 
exists U, a regular open subset of S, such that V — U Ci D. By Lemma 4.3, C/ is a 
clopen subset of 5*. Hence F is a clopen subset of D in the relative topology. Again 
appealing to Lemma 4.3, we have that D is an extremally disconnected space. □ 

Lemma 4.5. Let D be an extremally disconnected topological space. Also let D be 
homeomorphic to a subspace of a compact Hausdorff space. Then /3D, its Stone- 
Czech compactification, is extremally disconnected. 

Lemma 4.6. Let D be a dense subspace of a compact Hausdorff extremally discon- 
nected space Z. When A is a clopen subset of D in the relative topology, then clA 
is a clopen subset of Z. Let A and B be disjoint clopen subsets of D, in the relative 
topology. Then clA and clB are disjoint clopen subsets of Z. 

The following result was given by Gillman and Jerison, see page 96 [l^, as a 
byproduct of other results. The argument given here may be slightly easier and 
more direct. 

Theorem 4.7. Let D be a dense subspace of a compact Hausdorff extremally dis- 
connected space S . Then S is the Stone-Czech compactification of D. More pre- 
cisely, there exists a unique homeomorphism from j3D onto S which restricts to the 
identity homeomorphism on D. 

Proof. Since is a subspace of the compact Hausdorff space, S, D is completely 
regular and hence has a well defined Stone-Czech compactification. By the funda- 
mental property of PD, there exists a unique continuous surjection a from 13 D onto 
S, which restricts to the identity on D. 

Let a and b be distinct points in j3D. Then there exist disjoint clopen sets U and 

V such that a e [/ and 6 e K Let A = J7 n D and B = Vr\D then U = clpoA and 

V = clpoB. So a\U] C clsA and a\V] C clsB. By Lemma 4.6, clsA and clsB are 
disjoint. Hence a{a) and a(6) are distinct points of S. Thus a is injective. It now 
follows from compactness, that a is a homeomorphism. □ 
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5. ErGODIC discrete group ACTIONS ON TOPOLOGICAL SPACES 

In this section, y is a Hausdorff topological space which has no isolated points. 
For example, a compact Hausdorff space with no isolated points, or a dense subset 
of such a space. 

When G is a group of bijections of Y, and y ^Y, we denote the orbit {g{y) : g G 
G} by G[y]. 

Lemma 5.1. Let G be a countable group of homeomorphisms ofY. 

(i) If there exists xq £ Y such that the orbit G[xo] is dense in Y then every 
G— invariant open subset ofY is either empty or dense. 

(a) If every non-empty open G— invariant subset ofY is dense then, for each x 
in Y, the orbit G[x] is either dense or nowhere dense. 

Proof, (i) Let C/ be a G— invariant open set which is not empty. Since G[a;o] is 
dense, for some g G G,we have g{xo) 6 U. But U is G— invariant. So xq € U. Hence 
G[xo] dU. So U is dense in Y. 

(ii) Suppose y is an element of Y such that G[y] is not dense in Y. Then Y\clG[y] 
is a non-empty G— invariant open set. So it is dense in Y. So clG[y] has empty 
interior. □ 

When G is a group of homeomorphisms of Y its action is said to be ergodic if 
each G— invariant open subset of Y is either empty or dense in Y. 

Lemma 5.2. Let Y be an extremally disconnected space. Let G be a group of 
homeomorphisms of Y. Then the action of G is ergodic, if, and only if, the only 
G— invariant clopen subsets are Y and 0. 

Proof. Let U he a G— invariant open set. Then clU and Y\clU are G— invariant 
clopen sets. Then U is neither empty nor dense, if, and only if, clU and Y\clU are 
non-trivial clopen sets. □ 

6. Induced actions 

Let X be a compact Hausdorff space. Then, see Lemma 13 [34], X is separable 
if, and only if G{X) is isomorphic to a closed (unital) *-subalgebra of £°°. 

The regular u-completion of an arbitrary G*-algebra was defined in [35]. For the 
commutative algebra, G(X), its regular cr-completion can be identified with the 
monotone cr-complete G*-algebra {X)/Mo{X), where Bq^{X) is the algebra of 
bounded Baire measurable functions on X and Mq{X) is the ideal of all / in B^{X) 
for which {x : /(x) 0} is meagre. Let S be the structure space of B^{X)/Mq{X) 
i.e. this algebra can be identified with C{S). 

Let j : G{X) B^ {X)/Mo{X) be the natural embedding. This is an injective 
(isometric) *-homomorphism. 

Suppose that X is separable. Then there exists an injective *-homomorphism 
h : C{X) — i> £°°. Since £°° is monotone complete, h extends to a homomorphism 
H : C{S) —7- £°°. From standard properties of regular cr— completions H is also 
injective. Hence C{S) supports a strictly positive linear functional. By Lemma 3.1 
it follows that C{S) is monotone complete and hence S is extremally disconnected. 

Since H is an injective homomorphism, it follows that there is a surjective con- 
tinuous map from /3N onto S. So S is separable. 
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REMARK Because C{S) is monotone complete, S is the Stone structure space 
of the complete Boolean algebra of regular open subsets oi X. It follows from the 
Birkhoff-Ulam Theorem in Boolean algebras, and the linearisation arguments in 
[47j that C{S) can be identified with B°°{X)/M{X) where B^{X) is the algebra 
of bounded Borel measurable functions on X and M{X) is the ideal of all bounded 
Borel functions with meagre support. In other words, B°"{X)/M{X) is isomorphic 
to B^{X)/Mo{X) which is isomorphic to C[S). 

By the usual duality between compact Hausdorff spaces and commutative (uni- 
tal) C*-algebras, there is a continuous surjection p from S onto X such that 
j{f ) = / o p for each / in C{X). 

By the basic properties of regular a-completions, for each self-adjoint h in C{S), 
the set 

{j{a) : a £ Cm{X) and j{a) < b} has b as its least upper bound in C{S)sa = 
Cm(5). 

Lemma 6.1. Let Y be a subset of S such that p[Y] is dense in X. Then Y is dense 
in S. 

Proof. Let us assume that Y is not dense in S. Then there exists a non-empty 
clopen set E which is disjoint from clY. 

Let j{a) < XE- Then jXa)(s) < for s e Y. So a{p{s)) < for p{s) e p[Y]. Hence 
a < 0. But this implies xe < which is a contradiction. □ 

Let Y be any compact Hausdorff space. Let Homeo{Y) be the group of all home- 
omorphisms from Y onto Y . Let AutCiY) be the group of all *— automorphisms 
of C{Y). For G Homeo(Y) let h^{f) ^ f o cj) for each / e C{Y). Then (j) ^ is 
a bijection from the group H omeo{Y) onto AutCiY) which switches the order of 
multiplication. In other words it is a group anti-isomorphism. 

Let 6* be a homeomorphism of X onto X. As above, let he be the correspond- 
ing *— automorphism of C{X). Also f ^ f o induces an automorphism he of 
B'^{X)/M{X). Since B'^{X)/M{X) can be identified with C{S), there exists 6 in 
Homeo{S) corresponding to he ■ Clearly, he restricts to the automorphism, /ig, of 
C{X). 

Lemma 6.2. he is the unique automorphism of C{S) which is an extension of he- 
Hence 9 is uniquely determined by 6. Furthermore, the map 6^6 is an injective 
group homomorphism from H omeo{X) into Homeo{S). 

Proof. Let H be an automorphism of B°° (X) / M (X) — C{S), which is an extension 
of he. Let 5 be a self-adjoint element of B°^\X)/M{X). Then, for a G Cr{X), a<b 
if, and only if. Ha < Hb i.e. hea < Hb. So Hb is the supremum of {he{a) : a G 
Cm.{X), a < b}. Hence H = he. That is, hg is the unique extension of he to an 
automorphism of C{S). 

Let hi and /i2 be in AutC{X). Then for a G C{X), we have 

hih2{a) = hih2{a) = hih2{a) = hih2(a). 

By uniqueness, it now follows that ft.i/i2 — /ii/i2- Hence ft, — > /i is an injective 
group homomorphism of AutC{X) into AutC{S). So the map 6' 6* is the composi- 
tion of a group anti-isomorphism with an injective group homomorphism composed 
with a group anti-isomorphism. So it is an injective group homomorphism. □ 



MONOTONE COMPLETE C*-ALGEBRAS AND GENERIC DYNAMICS 



11 



Corollary 6.3. 0{ps) = p{Os) for each s G 5. 
Proof. For a G C(X), s e S, 



aoOips) = h0{a){ps) = h0{j{a){s) = j{a){0s) 
Hence 0(ps) = p{Os). 



a{p{0s)). 



□ 



Throughout this paper, unless we specify otherwise, G is a countable infinite 
group. Let s : G ^ Homeo{X) be a homomorphism into the group of homeomor- 

phisnis of X. That is, e is an action of G on X. For each g E G, let be the 
homeomorphism of S onto S induced by Eg . Then e is the action of G on 5 induced 
by s. 

Let us recall that an action £ : G — >■ Homeo{X) is non-degenerate if it is injective. 
We shall normally only use non-degenerate actions. 

Proposition 6.4. Let xq be a point in X such that the orbit {sg{xo) : g £ G} is 
dense in X. Let sq € S such that pso = xo- Then {£g(so) ■ g & G}is an orbit which 

is dense in S. 

Proof. By Corollary 6.3, Sg{xo) = p{Sg{so)). It now follows from Lemma 6.1, that 
the orbit {eg(so) : 9 € G} is dense in S. □ 

Definition 6.5. An orbit {£g{xo) : g € G} is said to be free if, for g ^ i, Sg{xo) ^ 
Xq. Equivalently, iov g ^ i, Sg leaves no point of the orbit fixed. 

It is easy to see that the existence of at least one free orbit implies that the 

action is non-degenerate. 

Definition 6.6. Let y be a subset of X which is invariant under the action e. 
Then the action e is free on Y if, for each y G Y, the orbit {£g{y) ■ g G G}is free. 

Lemma 6.7. Let G,X and e he as above. Let xq £ X be such that the orbit 
{eg(a;o) : g G G} is both dense and free. Then there exists a G-invariant Y, which is 
a dense Gg subset of X such that for g ^ i, Eg has no fixed point in Y. Also xq G Y. 

Proof. Fix g ^ i, lot Kg = {x E X : eg{x) = x}. Then Kg, the fix-point set of Sg, 
is closed. Let U be the interior of Kg. Then the orbit {eh{xo) : h G G} is disjoint 
from Kg. So its closure is disjoint from U. But since the orbit is dense, this means 
that Kg has empty interior. 

Let Z = [J{Kg : g E G,g ^ i}. Then Z is the union of countably many closed 
nowhere dense sets. A calculation shows that 



Theorem 6.8. Let G,X and e be as above. Let e be the action of G on S induced 
by the action e on X. Let xq E X such that the orbit {eg{xQ) : g E G} is both dense 
and free. Let sq E S such that pso = xq. Then {£g(so) ■ g E G} is a dense free orbit 
in S. 

Furthermore, there exists Y, a G-invariant, dense Gs subset of S, with sq E Y, 
such that the action e is free on Y. 



and from this it follows that Z is G-invariant. 

Put Y = X\Z. Then Y has all the required properties. 



□ 
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Proof. By Corollary 6.3, eg(pso) = p{egSQ). That is, eg{xo) = p{egSo). 

It now follows from Lemma 6.1 that the orbit {ey(.so) : g G G} is dense in S. 

Now suppose that ShSo = sq- Then p{ehSo) = p{sq). So eh{xQ) = a;o. Hence 
h = i.li now follows that {£g{so) : g & G) \s a, dense free orbit in S. 

The rest of the theorem follows by applying Lemma 6.7. □ 

REMARK Let be a countable dense subset of a compact Hausdorff space K. 
Let a be a homcomorphism of D onto D. Then, in general, a need not extend 
to a homeoinorphism of K. But, from the fundamental properties of the Stone- 
Czech compactification, a does extend to a unique homcomorphism of /?!?, say 0^- 
Let Si be the Gelfand -Naimark structure space of B°"{I3D)/M{I3D). Then, from 
the results of this section, 9a induces a homcomorphism 9a of 5*1. Let S be the 
structure space of B°°{K)/M{K). Then, by Lemma 4.2, S is homeomorphic to ^i. 
Hence each homcomorphism of D induces a canonical homcomorphism of S. So 
each action of G, as homeomorphisms of D, induces, canonically, an action of G as 
homeomorphisms of S. 

7. Orbit equivalence 

Let 5 be a compact Hausdorff extremally disconnected space with no isolated 
points. Let e be an action of G as homeomorphisms of S which is non-degenerate. 

Definition 7.1. Let Z he a G-invariant subset of 5*. Then the action e is said to 
be pseudo-free on Z if, for every g & G, the fixed point set {z € Z : eg{z) = z} 
is a clopen subset of Z in the relative topology. 

REMARK If an action is free on Z then, for g ^ i, its fixed point set is empty. So 
each free action is also pseudo-free. In particular, each free orbit is also pseudo-free. 

In the rest of this section, sq € S such that the orbit D = {eg{so) : g £ G} 
is dense in S. To simplify our notation, we shall write "g" for Sg. The restriction 
of g to D is a homcomorphism of D onto D. We shall abuse our notation by also 
denoting this restriction by " g" . 

Prom the results of Section 4, S is the Stone-Czech compactification of D. So 
any homcomorphism of D has a unique extension to a homcomorphism of S. 

Lemma 7.2. Let O be a non-empty open subset of S. Then O Ci D is an infinite 
set. 

Proof. Suppose O Ci D is a finite set, say, {pi,P2, ■ ■ ■ ,Pn}- 

Then O \ {pi,p2, ■ ■ • ,Pn} is an open subset of S which is disjoint from D. But 
D is dense in S. Hence O = {pi,p2, ■ ■ ■ ,Pn}- So {pi} is an open subset of S. But 
S has no isolated points. So this is a contradiction. □ 

Let Z he a G-invariant dense subset of S and let hhe a bijection of Z onto itself. 
Then h is said to be strongly G- decomposable over Z if there exist a sequence of 
pairwise disjoint clopen subsets of Z, (Aj) where Z = \JAj, and a sequence {gj) in 
G such that 

h{x) = gj{x) for x G Aj. 

When this occurs, /i is a continuous, open map. Hence it is a homcomorphism of 

Z onto Z. 

We also need a slightly weaker condition. Let hhe a homcomorphism of S onto 
itself. Then h is G- decomposable (over S) if there exist a sequence of pairwise 
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disjoint clopen subsets of S, (Kj) where IJ Kj is dense in S, and a sequence (gj) in 
G such that 

h{x) = gj{x) for x ^ Kj. 

REMARK The set \J Kj is an open dense set, hence its comphment is a closed 
nowhere dense set. 

Lemma 7.3. Let h be a hom,eom,orphism, of D onto D. Let h he strongly G- 
decompo sable over D. Let h be the unique extension of h to a homeomorphism 
of S. Then h is G- decomposable over S. 

Proof. Let {Aj) be a sequence of pairwise disjoint clopen subsets of D. Then, 
by Lemma 4.6, {clAj) is a sequence of pairwise disjoint clopen subsets of S. Let 
{gj) be a sequence in G such that h{x) = gj{x) for x G Aj. Then, by continuity, 
h{x) = gj [x) for x G clAj . Also the open set IJ clAj is dense in S (because it 
contains D). □ 

Let r be a countable, infinite group of homeomorphisms of S which acts transi- 
tively on D. 

If each 7 G F is strongly G-decomposable over D and each g & G \s strongly 
F-decomposable over D then T and G are said to be strongly equivalent. 

Let us recall that orbit equivalence, with respect to the action of G on S, is 
defined by 

X y if) and only if g{x) = y for some g in G. 

Lemma 7.4. Let T and G be strongly equivalent over D. Then there exists a Gs 
set Y, where D c Y c S , and Y is both G-invariant and T-invariant, such that F 

and G are strongly equivalent over Y. 

Proof. Let A be the countable group generated by F and G. 

By Lemma 7.3, for each 7 e F, there is an open subset of S, U^, such that 
D C Uy and 7 decomposes with respect to G, over U-y. Similarly, for each g G G, 
there is a corresponding open subset of S*, Vg, such that D cVg and g decomposes 
with respect to F, over V^. 

Let W be the intersection of all the and all the Vg then W is a Gs subset of 
S such that D C W. Now let Y be the intersection of {X[W] : A G A}. Then Y is 
the required Gs set. □ 

Corollary 7.5. Let F and G be strongly equivalent over D. Then there exists a 
Gs set Y, where D C Y C S , and Y is both G-invariant and T-invariant, such that 
the orbit equivalence relations ~(3 and ~r coincide on Y. 

Proof. Straightforward. □ 

Lemma 7.6. Let each j in T be strongly G-decomposable over D. Let the action 
of G be pseudo-free on D. Then F and G are strongly equivalent over D. 

Proof. Let g G G. Since F acts transitively on D, there exists 71 in F such that 

g{so) = 71 (so)- 

Since 71 is strongly G-decomposable over D, there exist a clopen set Ai c D 
with So € Ai and gi in G, such that 

71 (s) = gi{s) for all s in Ai. 
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In particular, g{so) — gi{so). So gi^g{so) = so- But the action of G is pseudo-free. 
So there exists a clopcn neighbourhood of sq, Ki C Ai such that g^^g{s) = s for 
s e Ki. Then g{s) = 71 (s) for .s G ifi. 

Since D is countable, we can find a sequence of disjoint clopen sets, (Kj) and 
a sequence (7^) in F such that g(s) = 7j (s) for s & Kj, and IJ Kj = D. Thus g is 
strongly T-decomposable over D. So F and G are strongly equivalent. □ 

Lemma 7.7. Lef A and B he disjoint clopen subsets of D. Let a & A and b E B. 
Then there exists a homeomorphism h from D onto D with the following properties. 
First h is strongly G-decomposable. Secondly h interchanges A and B and leaves 
each point of D\{A U B) fixed. Thirdly, h{a) = b. Fourthly h = h~^. 

Proof. Since a and b are in the same orbit of G, there exists gi in G such that 
gi{a) = b. Then A n 5]~^[-B] is a clopen neighbourhood of a which is mapped by 
gi into B. Since S is extremally disconnected and has no isolated points and by 
making use of Lemma 4.6, we can find a strictly smaller clopen neighbourhood of 
o, say Ax. By dropping to a clopen sub- neighbourhood if necessary, we can also 
demand that 51 [^1] is a proper clopen subset of B. Let Bi = gi[Ai\. 

By Lemma 7.2, A and B are infinite sets. Since they are subsets of D, they 
are both countably infinite. Enumerate them both. Let 02 be the first term of the 
enumeration of A which is not in Ai and let 62 be the first term of the enumeration 
of B which is not in Bi. Then there exists g2 in G such that (72(12) = ^2- Now let 
A2 be a clopen neighbourhood of a^, such that A2 is a proper subset oi A\Ax and 
52 [^2] is a proper subset oi B\Bi. Proceeding inductively, we obtain a sequence, 
[An) of disjoint clopen subsets of A\ a sequence (i?n) of disjoint clopen subsets of B 
and a sequence {gn) from G such that <?„ maps An onto Furthermore A = \JAn 
and B = \JB„. 

We define h as follows. For s € A„, h{s) = gn{s). For s £ i?„, h{s) = g~^{s). 
For s € D\{AL> B), h{s) = s. Then h has all the required properties. □ 

Lemma 7.8. Let a and ji he homeomorphisms of D onto itself. Suppose that each 
homeomorphism is strongly G-decomposable. Then /3a is strongly G-decomposable. 

Proof. Let {Ai : i e N} be a partition of D into clopen sets and {gf) a sequence in 
G which gives the G-decomposition of a. Similarly, let {Bj : j e N} be a partition 

of D into clopen sets and (gj) a sequence in G which gives the G-decomposition of 
(3. Then {Ai n a~^[i3j] : i G N, j G N} is a partition of D into clopen sets. 

Let sGAiD a-'^[Bj]. Then /3a(.s) = (jf (a(s)) = <7f (s). □ 

Lemma 7.9. Let D be enumerated as (so,si, •.•). Let {Dk){k = 1,2...) be a mono- 
tone decreasing sequence of clopen neighbourhoods of sq such that s„ ^ £>„ for any 

n. Then the following statements hold. 

(a) There is a sequence {hk){k = 1,2...) of homeomorphisms of D onto D where 
hk = h'^^. For 1 < k < n, the hk are mutually commutative. Each hk is strongly 
G— decomposable over D. 

(b ) For each positive integer n, there exists a finite family of pairwise disjoint, 
clopen subsets of D, 

{K"-{ai,a2, an) : (ai, 012, ...an) G Z2"} 

whose union is D. 
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(c) LetKo = D. Forl<p<n-l KP{ai, a2. Up) = KP+^{ai,a2, ■.■,ap,0)LI 
iCP+i(ai,Q:2, ap, 1). 

(d) Forl<p<n, iCP(0, 0, 0) C Dp and sq G KP{0,0, ...,0). 

(e) Let {ai,a2, ■■■,ctp) e where 1 < p < n. Then the homeomorphism 
h"^h2'^ ...hp" interchanges Kp{I3i,P2, /3p) with Rp {ai + a2 + /32, Q^p + /3p)- 

(f) For each n, {sq, si, s„} C {h'i^hq\..h'^^{so) : (ai,a2,-,a„) G Z2"}. 

(g) For each s E D, i//i"^/i2^.../i""(s) = s then ai = a2 = ••• = = 0. 

Proof. We give an inductive argument. First, let A — Di and let B — D\Di. By 
applying Lemma 7.7, there exists a homeomorphism hi of D onto itself, where hi 
interchanges Di and D\ Di, and maps sq to si. (So (f) holds for n = 1.) Also 

For any s € D, hi{s) and s are elements of disjoint clopen sets. Hence (g) holds 
for n = 1. 

Now let K^{0) = Di and K^{1) = D\Di. Let us now suppose that we have 
constructed the homeomorphisms hi,h2, ■■■,hn and the clopen sets 

{KP{ai,a2, ...ap) : {ai,a2, ...ap) G Z2^} for p = 1, 2, ...,n. 

We now need to make the (n + l)th step of the inductive construction. For some 
{ai,a2,...,an) G {0,1}", s„+i G K'^{ai,a2, ...,an). Let c = h"' h2^ ...h^''{sn+i). 
ThcncG A'"(0,0,...,0). 

If c ^ ,so lot b = c. li c = So then let 6 be any other element of if "(0, 0, 0). 
Now lot A bo a clopen subset of _ftr"(0, 0, 0) fl £>„+! such that sq € A and 6 ^ ^. 
Let B = i4r"(0,0, ...,0) \ A. Wc apply Lemma 7.7 to find a homeomorphism h of 
D onto itself, which interchanges A and B, leaves every point outside AU B fixed, 
maps So to b, and h = h^^. Also, h is strongly G-decomposable. 

Let is:"+i(0, 0..., 0)=A and ii'"+i(0, 0..., 1) = B. By construction, (d) holds for 
p = n+l. Let is:"+i(ai, a2, -, ap, 0) = h^'h^" ...h'^" [A] and ii'"+i(ai, a2, ctp, 1) = 
Then (b) holds forn + 1 and (c) holds for p = n. 

We now define hn+i as follows. For s G K"{ai,a2, a„), 

= hTh^\..hi-hhTh'^\..h':r{s). 

Claim 1 hn+i commutes with hj for 1 < j < n. 

To simplify our notation we shall take j = 1, but the calculation works in general, 
since each of {hr : r = 1, 2...n} commutes with the others. 

Let s £ D. Then s G K^{a\,a2, «„) for some (ai, 02, ««) G Z2". 

So /iis G K'^{ai + 1, a2, ••, oin). Then 

/i„+i(/iis) = /if +^/l^^../l^"(/lls). 

So 

/i„+i/ii(s) = hih'i^h'^\..hl"hh1^h'^\..hl^hihi{s) 
= hihn+i{s). 

From this we see that commutes with /ii. Similarly /i„+i commutes with /ij 

for 2 < j < n. 

Claim 2 /in+iis G-decomposable. 

By Lemma 7.8, /i"^/i2^.../i""/i/i"^/i2^.../i"" is G-dccomposable. So, on restricting 
to the clopen set i4r"(ai, a2, Q^n) this gives that /i„+i is G-decomposable over 
each K'^{ai,a2, ■■■,cxn)- Hence /i„+i is G-decomposable. 
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So, by Claim 1 and Claim 2, (a) holds for n + 1. It is straightforward to show 
that (b),(c), (d) and (e) hold for n+ 1. 

Now consider (f). Either c = sq in which case, sq = /i"^/i2^.../i5J"(s„+i) which 
gives s„+i = /i"^ft.2^...ft""(so), or c ^ sq, in which case 

This gives Sfi+i = hn+ih"^ ...h'^'^ {sq). Because the homeomorphisms commute, 
this gives (f) for n + 1. 

Finally consider (g). Let s S D with h'^^h^^ ...h"l\' (s) = s. If a„+i = then (g) 

implies ai = a2 = ... = a„ = 0. So now suppose a^+i = 1. Lot h^^h2^ ...h^^(s) G 
i4r"(0, 0..., 0). Then, since the hr all commute, we can suppose without loss of 
generality that s € K"{0,0...,0). Then /i„+i(s) = h^^h^^ ...h^"{s). But K+i maps 
if"(0,0...,0) to itself and h'^'h^^-K" maps /s:"(0, 0..., 0) to /s:"(ai, aa, 
So hn+i{s) G /f"(0, 0..., 0) n if "(ai, ^2, .... But this intersection is only non- 
empty if ai = a2 = ... = = 0. So /i„+i(s) = s. But hn+i acting on ii'"(0, 0..., 0), 
interchanges if "+^(0, 0..., 0) with ii:"+i(0, 0..., 1). 

So s G ii:"+i(0,0...,l) n if "+1(0,0..., 0), which is impossible. □ 

Let us recall that ® Z2 is the direct sum of an infinite sequence of copies of Z2. 
So each element of the group is an infinite sequence of Os and Is, with 1 occurring 
only finitely many times. We sometimes refer to it as the Dyadic Group. 

Theorem 7.10. Let S be a compact Hausdorff extremally disconnected space with 

no isolated points. Let G be a countably infinite group. Let e : G ^ Homeo{S) be 
a non-degenerate action of G as homeomorphisms of S. Let sq be a point in S such 
that the orbit {eg(so) '■ 9 & G} = D, is dense and pseudo-free. Then there exist an 
action 7 : Z2 Homeo{S) and Y , a G-delta subset of S with D cY, such that 
the following properties hold. 

(1) The orbit {75(80) : d G 0^2} is free and coincides with the set D. 

(2) The groups of homeomorphisms e[G\ and 7(0^2] are strongly equivalent 
over y, which is invariant under the action of both these groups. 

(3) The orbit equivalence relations corresponding, respectively, toe[G] anrf 7[0Z2] 
coincide on Y. 

(4) 1 is an isomorphism. 

Proof. We replace "G" by "£[G]" in the statement of Lemma 7.9 to find a sequence 
{hr) of homeomorphisms of D onto itself with the properties listed in that lemma. 
Each hr has a unique extension to a homeomorphism hr of S onto itself. For each 
a G 0^2, there exist a natural number n and (ai, a2, Q^n) G Z2" such that 
a = («!, a2, .-.Cim 0, 0, ...). We define 7a=/i"^ft.2^.../iJ^" . Then 7 is a homomorphism 
of Z2 into Homeo{S) . 

By Lemma 7.9 (f), the orbit {7a(so) : a G 0^2} coincides with D. By Lemma 
7.9 (g), this orbit is free for the action 7. 

By Lemma 7.9 and Lemma 7.4, there exists a Gs set Y, D c Y c S, which 
is invariant under the action of both 7[0Z2] and e[G] also e[G] and 7(0^2] are 
strongly equivalent over Y. The statement (3) now follows from Corollary 7.5. Fi- 
nally, statement (4) follows from part (g) of Lemma 7.9. □ 
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We shall make no direct use of Z— actions in this article but the following corol- 
lary seems worth including. We sketch an argument which makes use of the above 
result and the notation used in Lemma 7.9. 

Corollary 7.11. There exists a homeomorphism (/> : S* — > 5 and a dense Gs -subset 
So G S with the following properties. First, Sq is invariant under the action of G. 
Secondly, (plSo] = So- Thirdly, the orbit equivalence relation coming from G and 
the Ij— orbit equivalence relation coming from (j), coincide on So- 

Proof. (Sketch) It follows from the preceding theorem that we may replace G by 
Z2 . More precisely, we shall let G be the group of homeomorphisms of D gener- 
ated by {hr)ir = 1,2...). 

Let El = K\0) and Fi = K'^{1). Let Ej+i = K^+\l,0) where 1 G and let 
Fj+i = K^+'^{0, 1) where G Z^. 

We observe that if K^{ai,a2, ««) has non-empty intersection with 
K'^^P{i3i, 162, .... Pn+p) then ai = /3i,...,Q!„ = /5„. From this it follows that 
{En){n = 1,2...) is a sequence of pairwisc disjoint clopen subsets of D. Similarly, 
{Fn){n = 1, 2...) is a sequence of pairwise disjoint clopen subsets of D. We find that 
£> = y E„ and y F„ = D\{so}. 

n=l n=l 

For s G En let (f){s) = hih2.-.hn{s)- Then (p is a. continuous map of En onto F„. 
From this it is straightforward to sec that (/> is a continuous bijcction of D onto 
£>\{so}- Similarly, is a continuous bijection from D\{so} onto D. 

Since S has no isolated points, £>\{so} is dense in S. But, see Section 4, S can 
be identified with the Stonc-Czcch compactification of any dense subset of itself. 
Applying this to and (j) we find continuous extensions which are homeomor- 
phisms of 5 onto 5 and which are inverses of each other. We abuse notation and 
denote the extension of cj) to the whole of S by (j>. Then j — >■ (p^ is the Z— action 
considered here; let A be the group generated by (j). We shall further abuse our 
notation by writing hr for hr, the extension to a homeomorphism of S. 

On applying Lemma 4.6, we see that {clEn){n = 1, 2...) is a sequence of pairwise 
disjoint clopen subsets of S. So its union is a dense open subset of S which we 
shall denote by Oi- By continuity, for s G clEn we have (j){s) = hlhl.-.hl^{s)- 
Similarly,(dF„)(n = 1,2...) is a sequence of pairwise disjoint clopen subsets of S 
whose union, O2, is also dense in S. 

Let r be the countable group generated by 4> and G. Let So be the intersection 
f]{ l[Oi n O2]; 7 e r}. Then ^0 is a dense G^— subset of S which is invari- 
ant under the action of F. From the definition of 0, it is clear that (f> is strongly 
G— decomposable over So- (Recall that we have identified G with 0Z2.) Similarly, 
is also strongly G— decomposable over Sq- Hence each element of A is strongly 
G— decomposable over So- 

Let H{A) be the group of all homeomorphisms h, of S onto S, such that h is 
strongly A— decomposable with respect to a finite partition of S into clopen sets. 
We shall show that hi is in H{A). 

For s € El = K'^{0) we have (j){s) = hi{s) and, for s G Fi = K\l), (p'^is) = 
hi{s). We observe that clEi and clFi are disjoint clopen sets whose union is S. 
Also, 



hi = (pXclEi + 4> ^XclFi 
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So hi E H{A). 

We now suppose that hi, ...hn are in H{A). We wish to show hn+i E H{A). Let 
s E K"+\P,0) where /? E Z^. By Lemma 7.9 (e) h^'+\..h^"+^{s) E K"'+^{1,0). 
So, from the definition of 0, 

q^{hf^+\..ht'-\s))^h^,\..hf-hl^,{s) 

Making use of commutativity of the /i^, we get hn+i{s) == ftf 
Then, by using continuity, this holds for each s E clK^^'^^{j3,Q). By a similar argu- 
ment, for s E dK"+'^{l3,l) we get /i„+i(s) = h1'+\..hZ-+^(t>hf\..ht (s). 

bmce is a finite collection of disjoint clopen sets whose 

union is S,it follows that hn+i E H{A). 

So, by induction, G C H{A). 

It now follows that, on 5*0, the orbit equivalence relation coming from the action of 
G coincides with the orbit equivalence relation arising from the Z— action generated 
hy^. □ 

REMARKS In the above, D is not a subset of Sq. Indeed, it is not obvious that 
So has a dense orbit. So is it possible to modify the construction of <j> so that it 
becomes a bijection of D onto itself ? 

8. Monotone complete C*-algebra of an equivalence relation 

The idea of constructing a C*-algebra or a von Neumann algebra from a groupoid 
has a long history and a vast literature; there is an excellent exposition in [38]. 
Here, instead of general groupoids, we use an equivalence relation with countable 
equivalence classes. Our aim is to construct monotone complete (monotone a- 
complete) algebras by a modification of the approach used in ^36j. We try to 
balance conciseness with putting in enough detail to convince the reader that this 
is an easy and transparent way to construct examples of monotone complete C*- 
algebras. It makes it possible to obtain all the algebras which arise as a monotone 
cross-product by a countable discrete group acting on a commutative algebra, but 
without needing to use monotone tensor products. 

In this section, X is a topological space where X is either a G-delta subset of 
a compact Hausdorff space or a Polish space (i.e. homeomorphic to a complete 
separable metric space). Then X is a Baire space i.e. the Baire category theorem 
holds for X. Let B{X) be the set of all bounded complex valued Borel functions on 
X. When equipped with the obvious algebraic operations and the supremum norm, 
it becomes a commutative C*-algebra. 

In the following it would be easy to use a more general setting, where we do not 
assume a topology for X, replace the field of Borel sets with a a— field T, and use 
7~— measurable bijections instead of homeomorphisms. But we stick to a topological 
setting which is what we need later. 

Let G be a countable group of homeomorphisms of X and let 

E = {{x,y) E X X X : 3g E G such that y = gix)}. 
Then E is the graph of the orbit equivalence relation on X arising from the 
action of G. We shall identify this equivalence relation with its graph. We know, 
from the work of Section 7, that the same orbit equivalence relation can arise from 
actions by different groups. 
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Let US recall that for A C X, the saturation of A (by E) is 

E[A] = {x e X -.3 z e A such that xEz} 

= {x e X : 3g e G such that g{x) E A} 

= UiaiA] : 5 e G}. 

It follows from this that the saturation of a Borel set is also a Borel set. 

Definition 8.1. Let I be a cr— ideal of the Boolean algebra of Borel subsets of X 
with X ^ Z. 

Definition 8.2. Let Bx be the set of aU / in B{X) such that {x e X : f{x) ^ 0} 
is in I . Then Bx is a cr— ideal of B(X\ (See Section 3.) Let q be the quotient 
homomorphism from B{X) onto B{X)/Bx- 

Lemma 8.3. Let A El. Then E[A\ G I if, and only if, g[A\ E X for every g EG. 

Proof. For each g eG, g\A\ C E\A\. Since I is an ideal, if E\A\ E 1 then g\A\ E X. 

Conversely, if g\A\ E X for each g, then E\A\ is the union of countably many 
elements of the cr— ideal and hence in the ideal. □ 

In the following we require that the action of G maps the ideal X into itself. 
Equivalently, for any A eX, its saturation by E is again in X. This is automatically 
satisfied if X is the ideal of meagre Borel sets but we do not wish to confine ourselves 
to this situation. 

Following the approach of [36], we indicate how orbit equivalence relations on 
X give rise to monotone complete C*-algebras. A key point, used in [36], is that 
these algebras are constructed from the equivalence relation without explicit men- 
tion of G. But in establishing the properties of these algebras, the existence of an 
underlying group is used. This construction (similar to a groupoid C*-algebra) 
seems particularly natural and transparent. For the reader's convenience we give a 
brief, explicit account which is reasonably self-contained. For reasons explained in 
Section 9, the work of this section makes it possible for the reader to safely avoid 
the details of the original monotone cross-product construction. We could work in 
greater generality (for example we could weaken the condition that the elements 
of G be homeomorphisms or consider more general groupoid constructions) but for 
ease and simplicity we avoid this. We are mainly interested in two situations. First, 
where X is an "exotic" space as considered in [34] but X is only the ideal of meagre 
subsets of X. Secondly, where X is just the Cantor space but X is an "exotic" ideal 
of the Borel sets. In this paper, only the first situation will be considered but since 
we will make use of the second situation in a later work and since no extra effort is 
required, we add this small amount of generality. 

Since G is a countable group, each orbit is countable, in other words, each 
equivalence class associated with the equivalence relation E is countable. (Count- 
able Borel equivalence relations and their relationship with von Neumann algebras 
were penetratingly analysed in [TUdS].) 

For each a; S X let \x\ be the equivalence class generated by x. Let \X\ be the set 
of all equivalence classes. Let ^^([a;]) be the Hilbert space of all square summable, 
complex valued functions from \x\ to C. For each y E \x\ let 8y E ^^([x]) be defined 

by 
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5y{z) =Oior z^y; 5y{y) = 1. 

Then {5y : y e [x\] is an orthonormal basis for C^{[x]) which we shall call the 
canonical basis for For each x G X, C{£'^{[x])) is the von Neumann algebra 

of all bounded operators on £'^{[x]). We now form a direct sum of these algebras by: 

[x]e[x] 

This is a Type I von Neumann algebra, being a direct sum of such algebras. It 
is of no independent interest but is a framework in which we embed an algebra 
of "Borel matrices" and then take a quotient, obtaining monotone complete C*- 
algebras. To each operator f in iS we can associate, uniquely, a function / : S — >■ C 
as follows. First we decompose F as: 

[x]eix] 

Here each F^^] is a bounded operator on £'^{[x]). Now recall that {x,y) £ E 
precisely when y £ [x]. We now define f : E ^ Chy 

f{x,y) =< F[^]Sx,Sy > . 

When / is restricted to [x] x [x] then it becomes the matrix representation of 
F[^^ with respect to the canonical orthonormal basis of ^^([a;]). It follows that there 
is a bijection between operators in S and those functions f : E ^ C for which there 
is a constant k such that, for each [x] G [X], the restriction of / to [x] x [x] is the 
matrix of a bounded operator on ^^([a;]) whose norm is bounded by k. Call such 
an / matrix bounded. For each matrix bounded / let L{f) be the corresponding 
element of S. 

When / and h are such functions from E to C, then straightforward matrix 
manipulations give 

Lif )Lih) ^ Lif o h) 

where foh{x,z) = J2y^[^] f{x,y)h{y, z). Also L{f)* = L{f*), where f*{x,y) = 

f{y,x) for aU {x,y) G E. 

Let 11/11 = ||L(/)||. Then the matrix bounded functions on E form a C*-algebra 
isomorphic to S. 

Let A be the diagonal set {{x,x) : x € X}. It is closed, because the topology of 
X is Hausdorff. It is an easy calculation to show that ^(xa) is the unit element of 
S. For each g G G, the map [x, y) — )■ [x, g{y)) is a homeomorphism. 

So {(x, g{x)) : x G X} is a closed set. 

Let us recall that 

E= [j {{x,g{x)):x&X}. 
gdG 

Since G is countable, E is the union of countably many closed sets. Hence E is 

a Borcl subset oi X x X. 

Definition 8.4. Let M.{E) be the set of all Borel measurable functions f : E ^ C 
which are matrix bounded. 
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Lemma 8.5. The set {L{f) : f G Ai{E)} is a C* -subalgebra of S which is sequen- 
tially closed with respect to the weak operator topology of S . We denote this algebra 
by L{M.{E)). When equipped with the appropriate algebraic operations and norm, 
A4{E) is a C* -algebra isomorphic to L[A4{E)]. 

Proof. See Lemma 2.1 [36 . □ 

Lemma 8.6. Let (/„) be a sequence in the unit ball of A4{E) which converges 
pointwise to f. Then f G A4{E) and L{fn) converges to L{f) in the weak operator 
topology of S. Also f is in the unit ball of M{E). 

Proof. The weak operator topology gives a compact Hausdorff topology on the 
norm closed unit ball of S. 

Let Kn = {L{fj) : J > and let clKn be its closure in the weak operator 
topology of S. Then, by the finite intersection property, there exists T G p| clKn- 

neN 

Let U be an open neighbourhood of T, then U n Kn is non-empty for all n. 

Fix (x, y) in Fix e > 0. Let t/ = {S' G 5 : | < (5 - T)5^, > \ < e}. Then we 
can find a subsequence {fn{r)){f = 1,2...) for which L{fn{r)) G U for each r. Thus 
\{fn(r){x,y)- < TSx,Sy > I < £. So \ f{x,y)- < TS^,6y > | < e. Since this holds 
for all positive e, we have /(x, y) =< TS^, Sy >. So T = L{f). 

Let T be the locally convex topology of S generated by all seminorms of the 
form F — i> I < YSx^Sy > | as {x,y) ranges over E. This is a Hausdorff topology 
which is weaker than the weak operator topology. Hence it coincides with the weak 
operator topology on the unit ball, because the latter topology is compact. But 
< L{f„)5x,5y >^ f{x,y) L{f)Sx,5y > for ah {x,y) G E. 

It now follows that L{fn) L{f) in the weak operator topology of S. Since / 
is the pointwise limit of a sequence of Borel measurable functions, it too, is Borel 
measurable. So / G AA{E) and, since T is in the unit ball of S, f is in the unit ball 
ofMiE). □ 

Let p be the homeomorphism of A onto X, given by p{x,x) = x. So B(X), the 
algebra of bounded Borel measurable functions on X, is isometrically *— isomorphic 
to B{A) under the map h ^ h o p. 

For each / G A4{E) let Df be the function on E which vanishes off the diagonal, 
A, and is such that, for each x & X, 

Df{x,x) = f{x,x). 

Then £> is a linear idempotent map from A4{E) onto an abelian subalgebra 
which we can identify with B{A), which can, in turn, be identified with B(X). Let 
Df be the function on X such that Df{x) = Df{x,x) for all a; G X. We shall 
sometimes abuse our notation by using Df instead of Df . 

Let TT : B{X) — > M{E) be defined by '!r{h){x,x) — h(x) for a; G X and 
T:{h){x,y) — for x ^ y. Then tt is a *— isomorphism of B{X) onto an abelian 
*— subalgebra of A4{E), which can be identified with the range of D. 

We have nDf ^ Df for / G MiE). Also, for g G B{X), D7r{g) = g. 

Lemma 8.7. D is a positive map. 

Proof. Each positive element of A4{E) is of the form / o /*.But 

(#) Difof*){x,x)= 5] /(a;,y)r(y,x)= ^/(x,y)7(^== ^ |/(x,y)p>0. 

ye[x] y&[x] y£[x] 
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□ 

Definition 8.8. 

Let /i = {/ e M{E) : qD{f o /*) = 0} 

= {/ G M{E) -.BAel such that D{f o f*){x) = for a; ^ A}. 
Lemma 8.9. Ix is a two-sided ideal of Ai{E). 
Proof. In any C*-algebra, 

{a + b){a + by < 2{aa* + bb*). 

So 

D{{f + 9)oif + g)*) < 2D{f o r ) + 2D{g o g*). 

From this it follows that if / and g are both in Ix then so also is f + g. 
In any C*-algebra, 

fz{fzr = fzz*f* < M^f*. 

Prom this it follows that f & Ix and z e A4{E) implies that f o z G Ix- 

Now suppose that / £ Ix- Then for some A € I, E{f o f*){x) = for x ^ A. 
Since E[A] €l we can suppose that A = E[A]. Hence if a; ^ E[A] then [x] ni;[A] = 
0. For X ^ we have 

o = D{fof*){x)=J2 \f{^,y)\'- 

ye[x] 

Thus f{x,y) = for a;i?y and x A. Then, for z ^ A, we have D{f* o f){z) = 
T.ye[z] = E,6[.] 1/(2/, = 0. So /* 6 /x. So h is a two-sided ideal of 

M{E)- □ 

Lemma 8.10. If y G Ix then qD{y) = 0. Furthermore y & Ix if, o-nd only if 
qD{y o a) = for all a e M{E)- 

Proof. Let T be the (compact Hausdorff) structure space of the algebra B{X)/Bx- 
By applying the Cauchy-Schwartz inequality we see that for x,y in M.{E) and 

teT, 

\qD{x* o y){t)\ < qD{x* o x){tf/\D{y* o y)(i)V2. 

Let X = 1 and let y € Ix- Then y* € Ix- So qD{y* o y) = 0. From the above 
inequality it follows that qD{y) = 0. Since Ix is an ideal, if y G Ix then y o a is in 
the ideal for each a G M{E). It now follows from the above that qD{y o a) =0. 
Conversely, if qD{y o a) = for all a G .M{E) then, on putting a = y* we see that 
2/ e /x. □ 

Lemma 8.11. L[Ix] is a (two-sided) ideal of L[A4{E)] which is sequentially closed 
in the weak operator topology of S. 

Proof. Let {fr) be a sequence in Ix such that {L{fr)) is a sequence which converges 
in the weak operator topology to an element T of S. Then it follows from the 
Uniform Boundedness Theorem that the sequence is bounded in norm. By Lemma 
8.5, there exists / G M{E) such that L{f) = T where L{fr) — > L{f) in the weak 
operator topology. So — > / pointwise. Hence D{fr) D{f) pointwise. For each 
r there exists Aj. such that x ^ A^. implies D{fr){x) = 0. Since X is a Boolean 
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cr— ideal of the Boolean algebra of Borel subsets of X, {j{Ar : r = 1,2...} is in I. 
Hence qb{f) =0. □ 

Proof. For any a G A4{E), (/r oa) is a sequence in 7i such that {L{frOa)) converges 
in the weak operator topology to L{f)L{a). So, as in the preceding paragraph, 
qD{ f o a) = 0. By appealing to Lemma 8.10 we sec that / G Ix- Hence L[Ix] is 
sequentially closed in the weak operator topology of S. □ 

Corollary 8.12. M{E) is monotone a— complete and Ix is a a— ideal 

Proof. Each norm bounded monotone increasing sequence in L{Ai{E)) converges in 
the strong operator topology to an element T of S. By Lemma 8.5, T G L{M{E)). 
Then T = L{f) for some / € Ai{E). Hence L{Ai{E)) (and its isomorphic image, 
A4{E)) are monotone u— complete. It now follows from Lemma 8.11, that Ix is a 
cr— ideal. □ 

Definition 8.13. Let Q be the quotient map from M{E) onto M{E)/Ix- 

Proposition 8.14. The algebra A4{E)/Ix is monotone a— complete. There exists 
a positive, faithful, a— normal, conditional expectation D from M.{E)/Ix onto a 
commutative a—subalgebra, which is isomorphic to B{X) / Bx- Furthermore, if there 
exists a strictly positive linear functional on B(X)/Bx, then M.{E)/Ix is monotone 
complete and D is normal. 

Proof. By Corollary 8.12 and the results of Section 3, the quotient algebra 
is monotone cr— complete. 

Let g G B{X). Then, as remarked before Lemma 8.7, D-K{g) = g. 
Now 7r(,g) £ Ix if, and only if, qD{Tr{g) o Tr{g)*) = 0. 
But qD{7r{g)o7r{gr) = qDi7r{\g\^) = q{\g\'). 

So n{g) e Ix if and only if \g\'^ G Bx i.e. if and only if g vanishes off some set 
A Gl i.e. if and only ii g G Bx. 

So TT induces an isomorphism from B{X)/Bx onto D[M{E)]/Ix. 

Let h Gjx- Then, by Lemma 8.10, qD{h) = 0. That is, D{h) G Bx. So 7r5(/i) G 
Ix. But TTD{h) = Dh. 

So h G Ix impHes QDh = 0. It now follows that we can define D on M.{E)/Ix 
by 5 (/ + Ix) = QDf. 

It is clear that D is & positive linear map which is faithful. Its range is an abelian 
subalgebra of M.{E)/Ix. This subalgebra is D[M.{E)]/ Ix which, as we have seen 
above, is isomorphic to B{X)/Bx] we shall denote D[M{E)]/Ix by A and call it the 
diagonal algebra. Furthermore, D is idempotent, so it is a conditional expectation. 

Let (/„) be a sequence in A4{E) such that (Qfn) is an upper bounded monotone 
increasing sequence in A4{E)/Ix. Then, by Lemma 3.3, we may assume that (/„) 
is an upper bounded, monotone increasing sequence in ^4{E). Let Lf be the limit 
of (Lfn) in the weak operator topology. (Since the sequence is monotone, Lf is 
also its limit in the strong operator topology.) By Lemma 8.5, / G M{E), and 
fn{x,x) — > f{x,x) for all x G X. Thus £>/„ Df pointwise on X. Also, since D 
is positive, {D f„) is monotone increasing. Since Q is a cr— homomorphism, QDf is 
the least upper bound of (QDfn). Since D {f + Ix) = QDf it now follows that D 
is (T— normal. 
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If /i is a strictly positive functional on B{X)/Bi then ^iD is a strictly positive 
linear functional on M{E)/Ix- It then follows from Lemma 3.1 that AA{E)/Ix is 
monotone complete. Furthermore, if A is a downward directed subset of the self- 
adjoint part of A4{E)/Ix, with as its greatest lower bound, then there exists a 
monotone decreasing sequence (a;„), with each Xn in A, and /\a;„ = 0. It now follows 
from the cr— normality of D that is the infimum of {D{x) : x G A}. Hence D is 
normal. □ 

We now make additional assumptions about the action of G and use this to 
construct a natural unitary representation of G. We give some technical results 
which give an analogue of Mercer-Bures convergence, see [37] and [1] . This will be 
useful in Section 12 when we wish to approximate elements of Ai{E)/Ix by finite 
dimensional subalgebras. 

For the rest of this section we suppose that the action of G on X is free on each 
orbit i.e. for each x S X, x is not a fixed point of g, where g Cz G, unless g is the 
identity element of G. 

For each g G G, let Ag — {{x,gx) : x G X}. Then the Ag are pairwise disjoint 
and E = UgecAg. 

For each g £ G, let Ug : E {0, 1} be the characteristic function of Ag-i. As 
we pointed out earlier, xaIs the unit element of A4{E),so, in this notation, ui is 
the unit element of M.{E). 

For each {x, y) E E we have: 

UgOUh{x,y) = y^^Ug(x,kx)uh(kx,y). 

k£G 

But Ug{x,kx) 7^ 0, only if fc = g^^ and Uh{g~^x,y) ^ only if y = h~^g^^x = 
{gh)~'^x. So Ug o Uh = Ugh- 

Also u*{x,y) = Ug{y,x) = Ugiy,x). But Ug{y,x) ^ only if x = g^^y, that 
is, only if y = gx. So u*g{x,y) = Ug-i(x,y). It follows that g — > Ug is a unitary 
representation of G in A4{E). 

Let / be any element of M (E) . Then 

(i) f o ug{x, y) ^ ^)"9(^' y) = /(^' 9y)- 

ze[x] 

So, for each x £ X, D{f o Ug){x,x) — f{x,gx). Then D{f o Ug) o Ug-i{x,y) ~ 
EzgW ^^-^ ° "s)^^' 2)"s-i V) = D{f o Ug){x, x)ug-i (x, y) = f{x, gx)xA, {x, y). 
So 

The identity (7^), used in Lemma 8. 7, can be re-written as 

iiii) D{fon{x,x) - Y.geG \f{^^9x)? = EgeG \DifoUg)ix,x)\^ = Egec 
ug){x)\'. 

Let F be any finite subset of G. Let fp — X)geF ^(/ ° "s) ° "s^^- Then, using 
{Hi), 

( f - /•z.Vr - / e Ag and 5 e F 
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We now replace / by / — /^^ in (iii) and get: 

(iv) D{{f-Mo{f-fpr){x,x)= ^ \D{fou,){x,x)f = J2 \D{fou,){x)\\ 

g&G\F g&G\F 

Now let {Fn){n = 1,2...) be any strictly increasing sequence of finite subsets of 
G. Write /„ for Then 

£>((/ — /„) o (/ — fn)*){x, x) decreases monotonically to as n — >■ cx). Since Q is 
a (7— homomorphism, 

(«) ^QD{{f - /„) o (/ - /„)*) = 0. 

For each g G G,let Ug = Qug. Since Q is a *— homomorphism onto M{E)/Ix, Ug 
is a unitary and g ^ Ug is a, unitary representation of G in M.{E)/Ii. On applying 
the preceding paragraph wc get: 

Proposition 8.15. Let z G M{E)/Ix. Let {F{n)){n = 1,2...) be a strictly increas- 
ing sequence of finite subsets of G. Let Zn — J2geF{n) I^{^Ug)Ug-i . Then 

/\D{{Z - Zn){z - Zn)*) = 0. 

Corollary 8.16. Let z G M{E)/Ix such that D{zUg) = for each g. Then z = Q. 

Proof. This follows from Proposition 8.15 because Zn = Q for every n. □ 

Lemma 8.17. For each f e M{E) and each g G G, u*ofo Ug{x,y) = f{gx,gy). 
In particular, f vanishes off A if, and only if, u* o f oug vanishes off A. 

Proof Let h G M{E). Then, applying identity (i) we get (u* o h){a,b) = {h* o 

Ug)*{a,b) = {h* oug){b,a) = h*{b,ga) = h{ga,b). 

Let /i = / o Ug. Then u* o / o Ug{x,y) = f o Ug{gx,y) = f{gx,gy). □ 

Corollary 8.18. For each a G A ,the diagonal algebra, and for each g gG, UguU* 
is in A. 

Lemma 8.19. Let T be a compact, totally disconnected space. Let 9 be a homeo- 
morphism ofT onto T. Let X$ be the automorphism of C{T) induced by 0. Let E 
be a non-empty clopen set such that, for each clopen Q CT, {Xe{XQ) ~ Xq)Xe = 0. 
Then 6{t) = t for each t G E. In other words, Xe{f) = f for each f G xeC{T). 

Proof. Let us assume that to E E such that 9 (to) ^ to- By total disconnected- 
ness, there exists a clopen set Q with 6{to) G Q and to ^ Q. We have Xo{xq) = 
Xe-i[Q]- So 

9-'^[Q]nE = Qr\E. 
But to is an element of 9~^[Q] n E and to ^ Q. This is a contradiction. □ 

Let M be a monotone (tr—) complete C * —algebra. Then we recall that an 

automorphism a is properly outer if there does not exist a non-zero projection e 
such that a restricts to the identity on eMe. 

Proposition 8.20. Whenever g G G and g is not the identity, let a — >■ UgoU* be 

a properly outer automorphism of D[M{E) / Ix]. Then D[M{E)/Ix] is a maximal 
abelian *—subalgebra of Ai{E)/Ix. 
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Proof. Let z commute with each element of D[M{E)/Ii]. Let a = D{z). We shall 
show that z = a. By Corollary 8.16, it will suffice to show that D{{z — a)Ug) = 
for each g e G. We remark that D{aUg) = aD{Ug) = when g is not the identity 
element of G. 

So it is enough to show that if g gG and g is not the identity element of G then 
D{zUg) =0. 

We have, for each b e D[M{E)/Ii], bz = zb. So 

bD{zUg) = D{bzUg) = D{zbUg) = D{zUgU*gbUg) = D{zUg)U*gbUg = U*gbU gD {zU g) . 

This implies that (A^-i (&) — b)D{zUg) — 0. For shortness put c — D{zUg). 

Assume that c 7^ 0. Then, by spectral theory, there exists a non-zero projection 
e and a strictly positive real number 5 such that 5e < cc*. Then 

< 6{Xg-i (6) - b)e{Xg-i (6) - b)* < {Xg-i (6) - b)cc*{Xg-i (6) - b)* = 0. 

So, {Xg-i (6) — 6)e = for each b in the range of D. It now follows from Lemma 8.19 
that Ag-i (ea) = ea for each a in the range of D. But this contradicts the freeness 
of the action of G. So D{zUg) = 0. It now follows that z is in D[A4{E) / Ixj.Hence 
D[Ai{E) / Ix] is a maximal abclian *— subalgcbra of A4{E)/Ix- □ 

Corollary 8.21. When the action of G is free on X and I is the Boolean ideal of 
meagre Borel subsets of X then D[M{E)/Ix] is a maximal abelian *—subalgebra of 
M{E)/Ix. 

A unitary w G M{E)/Ix is said to normalise a *— subalgebra A if wAw* = 
A. For future reference we define the normaliser subalgebra of M.{E)/Ix to be 
the smallest monotone complete *— subalgebra of Ai{E)/Ix which contains every 
unitary which normalizes the diagonal subalgebra. It follows from Corollary 8.18 
that each Ug is a normalising unitary for the diagonal algebra, A = D[M{E)/Ix]; 
since each clement of ^ is a finite linear combination of unitaries in A, it follows 
immediately that A is contained in the normaliser subalgebra. 

9. Cross-product algebras 

First let us recall some familiar facts. Let A be a unital C*-algebra. Let a be 
an automorphism of A. If there exists a unitary u A such that, for each z G A, 
a{z) = uzu* then a is said to be an inner automorphism. When no such unitary 
exists in A then a is an outer automorphism. 

Let G be a countable group and let g ^ fig he an homomorphism of G into 
the group of all automorphisms of A. Intuitively, a cross-product algebra, for this 
action of G, is a larger G*-algcbra, B, in which A is embedded as a subalgebra and 
where each /3g is induced by a unitary in B. More precisely, there is an injective 
*-homomorphism j : A ^ B, and a group homomorphism g Ug, (from G into 
the group of unitaries in B), such that, for each z <= A, ifig{z) = Ugj{z)Ug. So 
when we identify A with its image j[A] in B, although (3g need not be an inner 
automorphism of A it can be extended to an inner automorphism of the larger 
algebra B. We also require that B is "in some sense" generated by j[A] and the 
collection of unitaries Ug. When ^ is a monotone complete G*-algebra, we can 
always construct a B which is monotone complete. 
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An account of monotone cross-products when A is commutative was given by 
Takenouchi ^7\, see also Saito [29]. (This was for abeUan groups, but everything 
extends without difhcuhy to non-abeUan groups.) This was later generalised by 
Hamana |21| to the situation where A is not commutative. For the purposes of 
this paper we only need to consider the situation when A is commutative. So for 
the rest of this section, A shall be a monotone complete commutative C* -algebra. 
Hence A ~ C{S) where S* is a compact, HausdorfF, extremally disconnected space. 
We shall outline below some of the properties of the monotone cross-product over 
abelian algebras. More information can be found in [37] and [53] ■ It turns out 
that they can be identified with algebras already constructed in Section 8. But, 
historically, the construction of monotone cross-products came first. 

We shall suppose for the rest of this section that S has no isolated points. Then, 
as remarked in Section 4, any dense subset Y has no isolated points. 

We shall use a result from [36 to relate monotone cross-products to the monotone 
complete C*-algebra of an orbit equivalence relation. 

Let G be a countably infinite group of homeomorphisms of S, where the action 
of G has a free, dense orbit, then we shall show that the corresponding monotone 
cross-product is isomorphic to one obtained by an action of ® Z2 . 

Let X be any dense subset of S. Then, see Section 4, S can be identified with 
the Stone-Czech compactification oi X. So if / : X — > C is a bounded continuous 
function then it has a unique extension to a continuous function / : S* — >■ C. 
It follows that / ^> / is an isometric *— isomorphism of Cb{X), the algebra of 
bounded continuous functions on X, onto C{S). Similarly, as remarked earlier, any 
homeomorphism 9 from X onto X has a unique extension to a homeomorphism 
9 from S onto S. We may abuse our notation by using 9 instead of i.e. using 
the same symbol for a homeomorphism of X and for its unique extension to a 
homeomorphism of S. Slightly more generally, when Xi and X2 are dense subsets 
of S*, if there exists an homeomorphism of Xi onto X2 then it has a unique extension 
to a homeomorphism of S onto itself. 

Let g be any homeomorphism of S onto itself. Let ag(f) = f o g for each 
/ S C{S). Then ag is a *— automorphism of C{S). All *— automorphisms of C{S) 
arise in this way. Let G be a subgroup of Homeo{S), the group of homeomor- 
phisms of S onto itself. Then the map g ag is an injective map from G into 
Aut{C{S)), the group of *— automorphisms. If G is not abelian then this is not a 
group homomorphism but an injective anti-homomorphism. 

Let us recall that for any group F, the opposite group, F"^, is the same underlying 
set as F but with a new group operation defined hy x x y — yx. Also F°p and F are 
isomorphic groups, the map g — g~^ gives an isomorphism. So, in the preceding 
paragraph, 5 — > is a group isomorphism of into Aut{C{S)). Since is 
isomorphic to G this is not of major significance. But to avoid confusion, we shall 
define fig = ctg-i for each g E G. Then 5 — !■ /3g is a group isomorphism of G into 
the automorphism group of G{S). 

Let a be a *— automorphism of A. Then a is said to be properly outer if, for 
each non-zero projection p, the restriction of a to pA is not the identity. Let F 
be a sub-group of Aut{A) such that every element, except the identity, is properly 
outer. Then the action of F on A is said to be free. 

Let G be a countable group of homeomorphisms of S. Then, see [36j , if g — )■ /3g 
is a free action of G on A then there exists a dense G-delta set y C 5, where Y 
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is G— invariant, such that, whenever g S G is not the identity, then g has no fixed 
points in Y. In other words, for each y E Y, G[y\ is a free orbit. Conversely, we 
have: 

Lemma 9.1. Let X he a dense subset of S, where X is G— invariant. Let G[x] be 
a free orbit for each a; G X. Then g ^ /3g is a free action of G on G{S). 

Proof. Let g ^ G, such that, f3g is not properly outer. So, for some non-empty 
clopen set K, 

Xkcl = PgixKo) [xk ° g^^){a o g-^) = Xg[K] (« ° 5^^)- 

In particular, K — g[K]. Suppose that xi £ K with 5(2^1) 7^ xi. Then we can find 
a continuous function a which takes the value 1 at g{xi) and at xi. But, from 
the equation above, this implies = 1. So g{x) — x for each x G K. Because X is 
dense in S and X is a non-empty open set, there exists yEXHK. So y is a fixed 
point of g and G[y] is a free orbit. This is only possible if g is the identity element 
of G. Hence the action g ^ fig is free. □ 

In all that follows, G is a countably infinite group of homeomorphisms of S 
and F is a dense G-delta subset of S, where Y is G— invariant. Let g ^ (ig he 
the corresponding action of G as automorphisms of A. Let M(G(5'),G) be the 
associated (Takenouchi) monotone cross-product. We shall describe the monotone 
cross-product below. 

The key fact is that, provided the G— action is free, the monotone cross-product 
algebra can be identified with the monotone complete G*-algebra arising from the 
G— orbit equivalence relation. The end part of Section 8 already makes this plau- 
sible. The reader who is willing to assume it can skip to Theorem 9.5. 

Before saying more about the monotone cross-product, we recall some properties 
of the Hamana tensor product, as outlined in [36]. More detailed information can 
be found in [SOIEIIES]. 

(Comment: An alternative, equivalent, approach avoiding the tensor product, is 
to use the theory of Kaplansky-Hilbert modules [531 [551 [211 HS] , see below.) 

For the rest of this section, H \s a separable Hilbert space and Hi is an arbitrary 
Hilbert space. Let us fix an orthonormal basis for H. Then, with respect to this 
basis, each V £ L{Hi)'^L{H) has a unique representation as a matrix \Vij], where 
each Vij is in L{Hi). Let M be a von Neumann subalgebra of L{Hi). Then the 
elements of M(S)L{H) are those V for which each Vij is in M. Let T be any set 
and Bnd(T) the commutative von Neumann algebra of all bounded functions on 
T. Then, as explained in [36], Bnd{T)®L{H) can be identified with the algebra of 
all matrices [niij] over Bnd(T) for which t — [mij{t)] is a norm bounded function 
over T. 

We denote the commutative G*-algebra of bounded, complex valued Borel mea- 
surable functions on Y by B{Y). Following [35^, the product B{Y)^L{H) may be 
defined as the Pedersen-Borel envelope of B{Y) (8)min L{H) inside BndiY)'®L{ H). 
The elements of B{Y)®L{H) correspond to the matrices \bij\ where each hij E B{Y) 
and y — >■ [bij{y)] is a norm bounded function from Y into L{H). 

Let M'^ {B{Y), G) be the subalgebra of B{Y)(s)L{H) consisting of those elements 
of the tensor product which have a matrix representation over B{Y) of the form 
[07,0-] (7 G G, cr G G) where a^r.o-r (y) = 07,0- (tj/) for all y G F and all 7, a, t in G. 
Let E be the orbit equivalence relation on Y arising from G, that is 
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E={{y,gy):y^Y,geG}. 
By Lemma 3.1 [36j we have: 

Lemma 9.2. Assume that each g Cz G has no fixed points in Y unless g is the 
identity element. Then M"'{B{Y)^G) is naturally isomorphic to A4{E). 

For the reader's convenience we sketch the argument. The correspondence be- 
tween these two algebras is given as follows. Let / G Ai{E). For each cr, 7 in G and, 
for all y G Y,let 

aj,a{y) = f{iy,(yy) ■ 

Then a^^. is in B{Y). Also the norm of [a^ ^.(j/)] is uniformly bounded for y ^Y. 
So [a^^a] is'in B{Y)^L{H). Also 

a^T,ar{y) = f{'yTy,aTy) = a^^„{Ty). 
It now follows that [a^^„] is in Nr{BlY),G). 

Conversely, let [a^^a] be in M'^(_B(F), G). We now use the freeness hypothesis on 
the action of G on F to deduce that ({(y, ry) : y e Y}){t e G) is a countable family 
of pairwise disjoint closed subsets of E. So we can now define, unambiguously, a 
function f : E ^ <Chy f{y, ry) = a^_T{y)- This is a bounded Borel function on E. It 
follows from the definition of M'^{B{Y), G) that a^^a{y) = 01.0-7-1(7?/) = /(72/, cry) 
for all cr, 7 in G and all y in Y . From this it follows that / is in M.{E). 

Let TT be the quotient homomorphism from B{Y) onto C{S). (Each F in B{S) 
differs only on a meagre set from a unique function in C{S). Since S\Y is a meagre 
set, each / in B{Y) corresponds to a unique element of C{S) which we denote 

Af))- 

Each element of the Hamana tensor product G{S)®L{H) has a representation 
as a matrix over C{S). [Remark: the product is not straightforward. ] By Theorem 
2.5 [3S] there exists a cr— homomorphism 11 from B{Y)(E)L(H) onto C{S)(E>L{H) 
where n([6..y.o-]) = [Tr{b~f,a-)]- 

(Comment: As indicated above, we may use Kaplansky-Hilbert modules as an 
alternative approach. We replace the Hilbert space H by the separable Hilbert 
space €^(G), consisting of all square summable complex functions on G with the 
standard basis {^7}7gg- Let {e^ o-} be the standard system of matrix units for 
C{H). 

Let 971 = ^^(G, C{S)) be the Kaplansky-Hilbert module, over a monotone com- 
plete G*-algebra G{S), of all £^-summable family of elements in C{S) on G and 
let {5a} be the standard basis for 9Jl and, as Kaplansky defined, let {E^^^} 
be the standard system of matrix units for the monotone complete G*-algebra 
End(7(5)(Cfl) of all bounded module endomorphisms on 971. Then we know that 
{C{S)'^C{H),{1 067,^}) is isomorphic to (Endc(s)(97l), {£'7,^}) by using pi] . 
Then n([67^o.]) can be identified with the ^^-limit J2a£G '^■y<£G^(^'y,<^)-^'y,<^ using 
Kadison-Pedersen order-convergence [23].) 

But the Takenouchi monotone cross-product is the subalgebra of C{S)(E)L{ H) 
corresponding to matrices [a-y^o-] over C{S) for which /3t--i (a-y^o-) = a-yT.ar for all 
^,(J,T in G. Equivalently, a-yr,CTT(s) = a-y,ij(Ts) for all ^,(J,t in G and s € S. From 
this it follows that the homomorphism U maps M''{B{Y),G) onto M{C{S),G). 
See Lemma 3.2 l36l . 
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The diagonal subalgebra of M{C{S), G) consists of those matrices [a-f^a] which 
vanish off the diagonal i.e. a^,c = for 7 ^ cr. Also, f5^-i[ai^^^) — ar.j for each 
T G G. It follows that we can define an isomorphism from A onto the diagonal 
of M{C{S),G) by j{a) = Diag{..., (ir-i{a), ...). We recall, see [37] and [W, that 
the freeness of the action G implies that the diagonal algebra of M{C{S),G) is a 
maximal abelian subalgebra of M{C{S)^G), alternatively, apply the results of 
Section 8. 

Then, by Lemma 3.3 j36j , we have: 

Lemma 9.3. Let E be the graph of the relation of orbit equivalence given by G 
acting on Y. Then there exists a a— normal homomorphism 6 from A4{E) onto 
M(C(5),/3,G). 

The kernel of S is J = {z G Ai{E) : D{zz*) vanishes off a meagre subset ofY}. 

Furthermore, 6 maps the diagonal subalgebra of Ai(E) onto the diagonal subal- 
gebra of M{C{S), I3,G). In particular, 6 induces an isomorphism ofA4{E)/J onto 
M{CiS),G). 

Let G{S) X/3 G be the smallest monotone closed subalgebra of M(C{S),G) 
which contains the diagonal and each unitary which implements the /3— action of 
G. It will sometimes be convenient to call G{S) xpG the "small" monotone cross- 
product. It turns out that C{S) G does not depend on G only on the orbit 
equivalence relation. This is not at all obvious but is an immediate consequence 
of Theorem 10.1. This theorem shows that when w is a unitary in M{C{S),G) 
such that w normalises the diagonal then w is in G{S) Xp G. So, the isomorphism 
of AI{G{S),G) onto A4{E)/J maps G{S) XpG onto the normalizer subalgebra of 
M{E)/J. 

Does the small monotone cross product equal the " big" monotone cross-product 
? Equivalently, is M. (E) / J equal to its normaliser subalgebra ? This is unknown, 
but we can approximate each element of M{C{S), G) by a sequence in G{S) Xp G, 
in the following precise sense: 

Lemma 9.4. Let z G Af (G(S'), G). Then there exists a sequence (z„) in C{S) XpG 
such that the sequence D{{z — Zn)*{z — z„)) is monotone decreasing and 

A D{{z-z„)*{z-z„)) = 0. 

n=l 

Proof. This follows from Proposition 8.15. □ 

Theorem 9.5. Let Gj{j = 1,2) be countable, infinite groups of homeomorphisms 
of S. Let g be the corresponding action of Gj as automorphisms of G{S). 

Let Y be a G-delta, dense subset of S such that Gj\Y] = Y and Gj acts freely on 
Y . Let Ej be the orbit equivalence relation on Y arising from the action of Gj. 
Suppose that Ei = E2. Then there exists an isomorphism of M(G{S),Gi) onto 
M(C{S),G2) which maps the diagonal algebra of M{C{S),Gi) onto the diagonal 
algebra of M{C{S),G2). Furthermore, this isomorphism maps C{S) Xpi Gi onto 
CiS) x^2 G2. 

Proof. The first part is a straight forward application of Lemma 9.3. Let E = Ei = 
E2. Then both algebras are isomorphic to M.{E)/ J. The final part is a consequence 
of Theorem 10.1. □ 

In the next result, we require S to be separable. 
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Corollary 9.6. Let G be a countable, infinite group of homeomorphisms of S . 
Suppose, for some sq G S, G[so] is a free, dense orbit. Then there exists an iso- 
morphism (j) of ^1^2 into Homeo{S), such that there exists an isomorphism of 
M{C{S),G) onto A/(C(S'), ^ Z2) which maps the diagonal algebra of M{C{S),G) 
onto the diagonal algebra of M{C{S),^'Z2)■ 
Proof. By Theorem 7.10, there exists an isomorphism (j) from ^ Z2 into H omeo{S) 
such that there exists a dense G-deha set Y in S with the following properties. 
First, Y is invariant under the action of both G and 0^2- Secondly the induced 
orbit equivalence relations coincide on Y. Theorem 9.5 then gives the result. □ 

REMARK: By Lemma 5.1, when G has a dense orbit in S then the action on S 
is such that the only invariant clopen set is empty or the whole space. This implies 
that the action 5 — )■ /3g is ergodic, as defined in [37l [29], which implies that the 
algebra M{G{S),G) is a monotone complete factor. 

Lemma 9.7. Let B be a Boolean a— algebra. Let {pn) be a sequence in B which 
a— generates B, that is, B is the smallest a—subalgebra of B which contains each 
Pn. Let T be a group of automorphisms of B. Let T be the union of an increasing 
sequence of finite subgroups (r„). Then we can find an increasing sequence of finite 
Boolean algebras (Bn) where each B„ is invariant under the action o/r„ and UBn 
is a Boolean algebra which a— generates B. 

Proof. For any natural number k the free Boolean algebra on k generators has 
2^^ elements. So a Boolean algebra with k generators, being a quotient of the 
corresponding free algebra, has a finite number of elements. 

We proceed inductively. Let Bi be the subalgebra generated by {^(pi) : g G Fi}. 
Then Bi is finite and Fi— invariant. Suppose we have constructed B2...Bn. Then 
Bn U {pn+i} is a finite set. So its saturation by the finite group F„+i is again a 
finite set. So the Boolean algebra this generates, call it i?„+i, is finite. Clearly 
Bn C Bn+i and Bn+i is invariant under the action of F„_|_i. □ 

A commutative monotone complete C*-algebra is countably a— generated if its 
Boolean algebra of projections is cr— generated by a countable subset. 

Proposition 9.8. Let the Boolean algebra of projections in C{S) be countably 
a— generated by (p„). Let T be a group of automorphisms of G{S). Let F be the 
union of an increasing sequence of finite subgroups (F„). Let g ^ Ug be the unitary 
representation o/F in AI{C{S),T) which implements the action o/F on the diagonal 
algebra A. Let tt be the canonical isomorphism of C{S) onto A. Then the C* - 
algebra generated by {ug ; g G F} U {7r(p„) : n = 1,2...} is the closure of an 
increasing sequence of finite dimensional subalgebras. 

Proof. Let B be the complete Boolean algebra of all projections in A. By Lemma 
9.7, we can find an increasing sequence of finite Boolean algebras of projections 
{Bn) where B is cr— generated by US„ and each Bn is invariant under the action of 
F„. 

Let An be the (complex) linear span of Bn- Then An is a finite dimensional 
*— subalgebra of A. Also, for g G F„, UgAnU* — An. 

Now let Bn be the linear span of {bug : g G F„ and b G An}. Then _B„ is a finite 
dimensional *— subalgebra. Clearly (Bn) is an increasing sequence and W^^iBn is 
a *— subalgebra generated by {ug : g G F} U {n{pn) : n — 1, 2...}. □ 
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10. The normaliser algebra 

After the proof of Theorem 9.5, we made some claims concerning the normaliser 
algebra of a monotone cross-product. They follow from Theorem 10.1 below. 

In this section M is a monotone complete C*-algebra with a maximal abelian 

subalgebra A and D : M ^ A a, positive, linear, idempotent map of M onto A. 
It follows from a theorem of Tomiyama 40 that D \s a. conditional expectation, 
that is, D{azh) = a{Dz)h for each z € M and every a, h in A. Clearly the monotone 
cross-product algebras considered in Section 9 satisfy these conditions. 

We recall that a unitary w in M is a nomaliser of A if wAw* — A. It is clear 
that the normalisers of A form a subgroup of the unitaries in M. We use M{A^ M) 
to denote this normaliser subgroup. Let Mj\f be the smallest monotone closed 

subalgebra of M which contains M{A, M). Then Mj^f is said to be the normaliser 
subalgebra of M. 

Let G be a countable group. Let g ^ Ug he a, unitary representation of G in 
N{A,M). Let \g{a) = Ugou*. 

Let a be an automorphism of A. We recall that a is properly outer if, for each 
non-zero projection e G A, the restriction of a to eA is not the identity map. We 
further recall that the action g — )• Ag is free provided, for each g other than the 
identity, Ag is properly outer. 

Theorem 10.1. Let Mq be the smallest monotone closed subalgebra of AI which 
contains A U {ug : g G G}. We suppose that: 

(i) The action g ^ Xg is free. 

(ii) For each z G M, if D{zUg) = for every g G G then z = 0. 

Then Mq contains every unitary in M which normalises A, that is, Mq — Mj^. 

Proof. Let w be a unitary in M which normalises A. Let a be the automorphism 
of A induced by w. Then, for each a G A, we have waw* — a{a). So wa — a{a)w. 
Hence, for each g, we have 

D{waUg) = D{a{a)wUg). 

But D is a conditional expectation. So 

D(wUg)u*aUg ~ DiwaUg) ~ D{a(a)wUg) = a{a)D[wUg). 

Because A is abelian, it follows that (cr(a) — \~^{a))D{wUg) = 0. 

Let pg be the range projection of D(wUg)D(wUg)* in A. So, for every a G A, 

(#) iaia)-Xg\a))pg^O. 

Fix g and h with g h, and let e be the projection PgPh. Then we have, for each 
ae A, 

(K^ia) - Xg\a))e = (cr(a) - Xg\a))pgPh - (cr(a) - \'f^\a))phPg = 0. 

Let b be any element of A and let a — Ag(5). Then {Xi^-ig{b) — b)e = 0. If e 7^ 0, 
then by (i) it follows that h^^g is the identity element of G. But this implies g = h, 
which is a contradiction. So = e = PgPh- So {pg : g G G} is a (countable) family 
of orthogonal projections. 

Let g be a projection in A which is orthogonal to each pg. Then qD{wUg) = 
qPgD{wUg) — 0. So D{qwug) ~ for each g G. Hence, by applying hypothesis 
(ii), qw = 0. But ww* = 1. So g = 0. Thus J2Pg = 1- 
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From (#) we see that 

(Ag(T(a) - a)Xg{pg) = 0. 
We define Qg to be the projection Xg{pg). Then 

(# #) (a - Xg<jia))qg = 0. 



By arguing in a similar fashion to the above, we find that {qg : g G G} is a family 
of orthogonal projections in A with X^'Zg = 1- 

For each g € G, let Vg = UgPg. Then Vg is in Mq and is a partial isometry with 
VgV* = Qg and — Pg. By the General Additivity of Equivalence for AW*- 

algebras, see page 129 [3], there exists a unitary v in AIq such that — Vg and 

I^PS = VgPg = UgPg. 

From (#), for each a G A, 

= u*aUgPg ^PgV*avpg = v*avpg. 

So (cr(a) — v*av)pg — 0. Let j/ = cr(a) — v*av. Then y*ypg = 0. So the range 
projection of y*y is orthogonal to for each g, and hence is 0. So y = 0. It now 
follows that waw* = vav* for each a G A. Then v*w commutes with each element 
of A. Since A is maximal abelian in M it follows that v*w is in A. Since v is in Mq, 
it now follows that w is in Mq. □ 

We note that the above theorem does not require the action g Xg to be ergodic. 



We have said a great deal about G— actions with a free dense orbit and the alge- 
bras associated with them. It is incumbent on us to provide examples. We do this 
in this section. We have seen that when constructing monotone complete algebras 
from the action of a countably infinite group G on an extremally disconnected space 
S, what matters is the orbit equivalence relation induced on S. When the action 
of G has a free, dense orbit in S then we have shown that the orbit equivalence 
relation (and hence the associated algebras) can be obtained from an action of 
with a free, dense orbit. So, when searching for free, dense group actions, it suffices 
to find them when the group is ^1^2- 

In this section we construct such actions of ^1^2- As an application, we will find 
2"^ hyperfinite factors which take 2'^ different values in the weight semigroup |34j . 

We begin with some purely algebraic considerations before introducing topologies 
and continuity. We will end up with a huge number of examples. 

We use F{S) to denote the collection of all finite subsets of a set S. We shall 
always regard the empty set, the set with no elements, as a finite set. We use N to 
be the set of natural numbers, excluding 0. Let C = {/k : k G i^(N)} be a countable 
set where k /k is a bijection. For each n G N let (T„ be defined on G by 



Lemma 11.1. (i) For each n, an is a bijection of C onto G, and cr„cr„ = id, where 
id is the identity map on C. 

(a) When m ^ n then crmCr„ = an(Jm- 

Proof, (i) It is clear that cr„(T„ — id and hence (T„ is a bijection. 
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(ii) Fix /k. Then we need to show (TmO'nifk) — o'„(T,n(/k)- This is a straightfor- 
ward calculation, considering separately the four cases when k contains neither m 
nor n, contains both m and n, contains m but not n and contains n but not m. □ 

We recall that the Dyadic Group, 0^2, can be identified with the additive group 
of functions from N to Z2; where each function takes only finitely many non-zero 
values. For each n e N, let g„, be the element defined by gn{'m) = 5m.n for all 
TO e N. Then {gn | n e N} is a set of generators of . 

Take any g £ 0^2 then g has a unique representation as g — gn^ + •■•-!- (?„p 
where 1 < 711 < • • • < ?ip or g is the zero. Let us define 

Here we adopt the notational convention that (T„jCr„2...(T„p denotes the identity 
map of C onto itself when {ni, ..rip} — 0. 

Then 17 — £g is a group homomorphism of 0^2 into the group of bijections of 
C onto C. It will follow from Lemma 11.2 (ii) that this homomorphism is injective. 

Lemma 11.2. (i) C = {eg(/0) : g S 0^2} = {cr„iCr„2...cr„p(/0) : {^1,^2 • • • e 

In other words C is an orbit. 

(ii) For each k G F(N), where k — {711, rip}, 

o-„iCr„2...cr„p(/k) = /k 

only z/cr„jCr„2...a-„p = id. 

Proof, (i) Let k = {ni, ■ ■ ■ ,np} where Ui ^ for i ^ j. Then cr„^(T„2 ...cr„p (/0) = 
/k. 

(ii) Assume this is false. Then, for some k G F{N) we have cr„jCT„2 ...cr„j, (/k) = /k 
where cr„j(T„2 ...cr„p is not the identity map. So we may assume, without loss of 
generality, that {ni,n2, ...rip} = m is a non-empty set of p natural numbers. 

First consider the case where k is the empty set. Then (T„j^(t„2...(T„p(/0) = /0. 
So /m = /0. I3ut this is not possible because the map k /k is injective. 

So k cannot be the empty set; let k = {toi, TO2, ...niq}. Then amiO'm2 ■•■O'm, ih) = 
/k. Hence 

ih) ih)- 
On using the fact that the aj are idempotent and mutually commutative, we find 
that o'„j(T„2...(T„p(/0) = /0. But, from the above argument, this is impossible. So 
(ii) is proved. □ 

In [31] we consider the "Big Cantor Space" {0, 1}*, which is compact, totally dis- 
connected and separable but not metrisable or second countable. In j34j we pointed 
out that each compact, separable, totally disconnected space is homeomorphic to 
a subspace of {0, 1}*. Let C be a countable subset of {0, 1}* then clC, the closure 
of C, is a compact separable, totally disconnected space. This implies that C is 
completely regular and hence has a Stone-Czech compactification /3C. 

We recall from the work of Section 6, that the regular cr— completion of C{clC) 
is monotone complete and can be identified with B°° {clC) / M [clC) . Let clC be 
the maximal ideal space of B°° (clC) / M (clC) . Then this may be identified with 
the Stone space of the complete Boolean algebra of regular open subsets of clC. 
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By varying C in a carefully controlled way, we exhibited 2'^ essentially different 
extremally disconnected spaces in the form clC . 

For each of these spaces clC we shall construct an action of with a free 

dense orbit. 

We need to begin by recalling some notions from [34|. A pair (T, O) is said to 
be feasible if it satisfies the following conditions: 

(i) T is a set of cardinality c = 2^°; O = (0„)(n — 1, 2...) is an infinite sequence 
of non-empty subsets of T, with Om On whenever m ^ n. 

(ii) Let M be a finite subset of T and t G T\M. For each natural number m 
there exists n > m such that t € On and 0„ O M = 0. 

In other words {n G N : t G 0„ and 0„ f) M ~ 0} is an infinite set. 

An example satisfying these conditions can be obtained by putting T = 2^, 
the Cantor space and letting O be an enumeration (without repetitions) of the 
(countable) collection of all non-empty clopen subsets. 

For the rest of this section (T, O) will be a fixed but arbitrary feasible pair. 

Let (T, O) be a feasible pair and let i? be a subset of T. Then R is said to be 
admissible if 

(i) i? is a subset of r,with #R = #{T\R) = c. 

(ii) On is not a subset of R for any natural number n. 

Return to the example where T is the Cantor space and O an enumeration of 
the non-empty clopen subsets. Then, whenever i? C 2^^ is nowhere dense and of 
cardinality c, R is admissible. 

Throughout this section the feasible pair is kept fixed and the existence of at 
least one admissible set is assumed. For the moment, i? is a fixed admissible subset 
of T. Later on we shall vary R. 

Since F{N) x F{T) has cardinality c, we can identify the Big Cantor space with 
2F(N)xi^(T) Pq^. g^pj^ 1^ ^ p(^^^^ ^ 2^WxF(T) ^j^g characteristic function 

of the set 

{{l,L) : L e F{T\R),l C k and 0„ nL = whenever n G k and n ^ 1}. 

As in [34], let N{t) = {n G N : i G On}. By feasibility, this set is infinite for each 
i G T. It is immediate that 

/k(l, i) = 1 precisely when L G F{T\R),l C k and, for each t G L, 7V(t)n(k\l) = 0. 

Let Xfi be the countable set {/k : k G F(N)}. Let Kj^ be the closure of Xfj 
in the Big Cantor space. Then Kj^ is a (separable) compact Hausdorff totally 
disconnected space with respect to the relative topology induced by the product 
topology of the Big Cantor space. We always suppose Xji to be equipped with the 
relative topology induced by Kr. 

Let C — Xji. If the map k — /k is an injection then we can define (T„ on X^ as 
before. 

Lemma 11.3. Let /k ~ /m- Then k = m. 

Proof. By definition, /k(l, 0) = 1 precisely when 1 C k. Since /k(m, 0) ~ /m(m, 0) = 
1 it follows that m C k. Similarly, k C m. Hence m = k. □ 

For each (k, X) G F{N) x F(T) let ^^(k.K) = {a; G Kr : x{k,K) = 1}. The 
definition of the product topology of the Big Cantor space implies that i?(k,i<:) and 
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its compliment E^^^ are clopen subsets of Kr. It also follows from the definition 
of the product topology that finite intersections of such clopen sets form a base for 
the topology of Kj^. Hence their intersections with give a base for the relative 
topology of Xr. But we saw in [34] that, in fact, {i?(k,K) n Xr : k € F{N),K e 
F{T\R)} is a base for the topology of Xr. Also i?(k,/f) = unless K C T\R. 
Since each -E(k,/f) is clopen, it follows from Lemma 4.1, that E^y^ x) is the closure 

of £^(k,K) n Xr. 

To slightly simplify our notation, we shall write -E(k, K) for i?(k,/f) '^Xr and £"„ 
for E(^{rl}.^l^) ^Xr. Also E'^ is the compliment of En in ATfl, which is, E'^{n} 0) ^ AT^. 
We shall see, below, that {/h : n ^ h} = i?^, equivalently, = {/h : n £ h}. 

When G is a subset of Xr we denote its closure in ^Xr by clG. When G is a 
clopen subset of Xr then clG is a clopen subset of PXr. So the closure of En in 
/3A'/i is clEn, whereas its closure in Kr is i?({„}.0). 

We need to show that each (t„ is continuous on Xr. Since cr„ is equal to its 
inverse, this implies that cr„ is a homeomorphism of Xr onto itself. 

Our first step to establish continuity of cr„ is the following. 

Lemma 11.4. We have En — {/k : n G k} and Ef^ = {/m : n ^ m}. Also (t„ 
interchanges En and E^. Furthermore, for m ^ n, am rnaps En onto En and E^ 
onto E'^. 

Proof. By definition /k({f^},0) — 1 if, and only if {n} C k. So /m G E'^ precisely 
when n ^ m. 

For /k S i?„ we have Onif-k) = /k\{n}- So an maps i?„ onto Sfj. Similarly, it 
maps E^ onto En. 

When m ^ consider /k G i?n. Then n G k. So n e k U {to} and n G 
k\{TO}. Thus crm(/k) is in i?„.i.e.o-m[i?„] C En. 

Since cr„j is idenipotent, we get am[En] = i?n- Similarly arn[En] — E!^. □ 

Lemma 11.5. The map an '. Xr — >■ Xr is continuous. 

Proof. It suffices to show that a^^[E{l, L)] is open when L C T\R. 

Let /h be in (T~"'^[ii^(l,L)]. We shall find, U, an open neighbourhood of /h such 
that an[U] C 

We need to consider three possibihties. 

(1) First suppose that n G h, that is /h G En . Then /h\{n} = <^n{fh), which is 
in e{i,L). So 1 C h\{n} which implies n ^ I. Also N{t) D ((h\{n})\l) = for all 
< G i. It follows that lU {n} C h and, for all t G L, N{t) n (h\(lU {n})) = 0. Hence 
fhG EnnE{lU{n},L). 

Let /k G E(lU{n},L). ThenlU{n} C k. Also, for t G L, A^(i)n(k\(lU{n})) = 0. 

Hence 1 C k\{n} and, for t G L, N(t) n ((k\{n})\l) ^ 0. This implies (T„(/k) = 
/k\{ri} € E{l,L). Thus E{1 U {n},L) is a clopen set, which is a neighbourhood of 
/h and a subset of cr,7^[i?(l, L)]. 

(2) Now suppose n ^ h. Then /hujn} = f„(/h) which is in E{1, L). This gives 
(a) h U {n} contains 1. (b) For all t G L, N{t) H ((h U {n})\l)==0. (c) /h € E^. 
Suppose, additionally, that n G 1. Then (h U {?^})\1 = h\(l\{n}). So, for all 

t G L, N(t) n (h\(l\{n}))=0. So /h is in E(l\{n},L). Hence, by (c) /h is in n 
Eil\{n},L). 

Now let /k G E'„ n £;(l\{n},L). Since /k G E^, it follows that n ^ k. So 

/kU{n} = 0'„(/k). 
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Since /k e E{l\{n}, L), we have l\{n} C k. So 1 C k U {n}. Also (k U {n})\l = 
k\(l\{n}). So, for any t e L, iV(i) n ((kU {n})\l) = 0. Thus fuu{n} e E{l,L). That 
is, cr„(/k) € £;(1,-L). 

(3) We now suppose that n ^ h and n ^ 1. As in (2), statements (a), (b) and (c) 
hold. 

Note h\l = (h U {n})\(l U {n}). It follows from (b) that N{t)n (h\l) = for 
each t e L. Hence /h G £^(1, L) n E^. 

We also observe that, because n ^ 1, (b) implies that (d) {n} Ci N{t)= for each 
t e L. 

Now let /k G E{1, L)nE^. Then n ^ k.So a„(/k) = /ku{„}- 

Also 1 C k and N{t) n (k\l) = for any f e L. It now follows from (d) that 
((kU{n})\l)nA^(t)= whenever t e L. Hence fku{n} € Thus E{l,L)r]E^ 

is a clopen neighbourhood of fh and it is a subset of an[E{l, L)]. 

It follows from (1), (2) and (3) that every point of <Tn[E(l, L)] has an open 
neighbourhood contained in an[E(l, L)]. In other words, the set is open. 

More precisely: When n e 1, we have an[E{l,L)] = E^ n E{l\{n},L) and for 
n ^ 1, we find that 

an[E{l, L)] = E{1 U {n}, L)[jE{l, L) n E^. □ 

We recall that Xr is completely regular because it is a subspace of the compact 
Hausdorff space Kr. Let PXr be its Stone-Czech compactification. Then each con- 
tinuous function / : Xr — > Xr has a unique extension to a continuous function F 
from j3XR to (HXr. When / is a homeomorphism, then by considering the extension 
of it follows that F is a homeomorphism of PXr. In particular, each i7„ has 
a unique extension to a homeomorphism of fiXR. We abuse our notation by also 
denoting this extension by (t„. 

Let us recall from Section 6, that when is in Homeo{/3XR) then it induces an 
automorphism he of C{I3Xr) by hg{f) = f o 9. It also induces an automorphism 
of B°°(/3X/{)/M(/3Xh) by Hg{[F]) = [Foe]. Then He is the unique automorphism 
oi B°°{^Xr)/M{(3Xr) which extends he- Let Sr be the (extremally disconnected) 
structure space of B'^{I3Xr)/M{(3Xr); this algebra can then be identified with 
C{Sr). Then He corresponds to 9, an homeomorphism of Sr. Then 9 ^ he is a, 
group anti- isomorphism of Homeo{f3XR) onto AutC{^XR); he He is an isomor- 
phism of AutC(/3XR) into AutC{SR). Also Hg — > is a group anti-isomorphism of 
AutC{SR) into Homeo{SR). When G is an Abehan subgroup of Homeo{(3XR) it 
follows that 9 ^ He and 9^9 are group isomorphisms of G into AutG{SR) and 
Homeo{SR), respectively. 

We recall that <? — >■ Eg is an injective group homomorphism of into the 

group of bijections of G onto G. By taking the natural bijection from G onto Xr, 
and by applying Lemma 11.2 and Lemma 11.5, we may regard as an injec- 
tive group homomorphism of into Homeo{XR). Since each homeomorphism 
of Xr onto itself has a unique extension to a homeomorphism of ^Xr onto it- 
self, we may identify e* with an injective group homomorphism of into the 
group Homeo{j3XR). This induces a group isomorphism, g ^ from 0^2 into 
AutoG{SR) by putting = H^^. The corresponding isomorphism, g — )• Sg, from 
0Z2 into Homeo{SR), is defined by 

s'g = Sg for each g G 0^2. 
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As in Section 6, p is the continuous surjection from Sr onto ^Xr which is dual 
to the natural injection from C{I3Xr) into B°°(I3Xr)/M{PXr) ~ C{Sr). Let 
So e Sr such that p{sq) = /0. 

Theorem 11.6. Let g ^ e^g be the representation o/^Z2, as homeomorphisms of 
Sr, as defined above. Then the orbit {e^(so) '■ 9 G ®^2} is a free, dense orbit in 
Sr. There exists Y, a dense Gs subset of Sr, with sq G Y, .such that Y is invariant 
under the action e and the action e is free on Y. 

Proof. By Lemma 11.2(i), Xr^ = {£g(/0) ■ 9 G 0^2}- By Proposition 6.4 this 
implies the orbit {£^(so) : 9 € 0^2} is dense in Sr. 

By Lemma 11.2(ii), {eg[f%) : g G 0Z2} is a free orbit. This theorem now follows 
from Theorem 6.8. □ 

Corollary 11.7. The group isomorphism, g ^ , from 0^2 into AutC{SR) is 
free and ergodic. 

We shall see below that we can now obtain some additional information about 
this action of 0^2 as automorphisms of C{Sr). This will enable us to construct 
huge numbers of hyperfinite, small wild factors. 

We have seen that, for each natural number n, (t„ is a homeomorphism of Xr 
onto itself with the following properties. First, cr„ = cr~^ . Secondly, an[En] = E'^ 
and, for m ^ n,we have an[Em] = E„i. (This notation was introduced just before 
Lemma 11.4, above.) 

We have seen that an has a unique extension to a homeomorphism of f3X R^which 
we again denote by cr„. Then 

crn[clEn] = clE!f^ and, for m ^ ?i,we have (T„[d£',„] = clE„i. 

We define e„ G C{13Xr) as the characteristic function of the clopen set clEn. 

Using the above notation, e"'" is the *— automorphism of {jSX r) / M {fiX r) ~ 
C{Sr) induced by o-„. We have 

?^"(e„) = 1 - e„ and, for m ^ n, £^"(em) = e^. 
We recall, see the final paragraph of Section 6, that B°°{Kr)/M{Kr) can be 
identified with B°^{fiXR)/M{fiXR) and so with C{Sr). By Proposition 13 [34] 
the smallest monotone cr— complete *— subalgebra of B°°{/3Xr)/M{(3Xr) which 
contains {e„ : n = 1,2...} is B°°{l3XR)/M(fiXR) itself. We shall see that the 
(norm-closed) *— algebra generated by {e„ : n — \, 2...} is naturally isomorphic to 
C{2^). 

When 5* C N we use 775 to denote the element of 2^* which takes the value 1 
when n € S and otherwise. Let Gn be the clopen set {rjs G 2^ : n G S"}. 
These clopen sets generate the (countable) Boolean algebra of clopen subsets of 2^. 
An application of the Stone- Wcicrstrass Theorem shows that the *— subalgebra of 
C(2^), containing each xg„ , is dense in C(2^). 

Lemma 11.8. There exists an isometric isomorphism, ttq, from C(2^) into G{I3Xr) 
such that 7ro(xG„) = e„. 

Proof. As in Section 6 of [34] we define a map P from the Big Cantor space, 
2F{N)xFiT}^ onto the classical Cantor space,2N, by P(x)(n) = x(({n},0)). Put 
J = {({n},0) : n = 1,2...}. Then we may identify 2^ with 2"^. So P may be 
regarded as a restriction map and, by definition of the topology for product spaces, 
it is continuous. 
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From the definition of /k, we see that /k({n},0) — 1 precisely when nek. So 
r/k = r^k- Hence 

r[£;„] = {r?k : n e k and k e i^(N)}. 

By the basic property of the Stone-Czech compactification, the natural embed- 
ding of Xfl into Kj{ factors through jiXj^ . So there exists a continuous surjection 
(j) from onto Kf; which restricts to the identity map on Xj^. Then T(j) maps 

clE^ onto Gn and clE^ onto G^. For / G C{2^) let 7ro(/) = / o r0. Then ttq is the 
required isometric isomorphism into C{f3Xii) C B°°{pXii)/M{l3Xji). 

Let e be the action of the Dyadic Group on C(S'fl) considered above. Let Mr be 
the corresponding monotone cross-product algebra. So there exists an isomorphism 
TTfi from C(S'ij) onto the diagonal subalgebra of Mn and a group representation 
g Ug of the Dyadic Group in the unitary group of M/j such that UgiTji{a)u*g — 
'^r{£^{o-))- Since each element of the Dyadic Group is its own inverse, we see that 
each Ug is self-adjoint. Since the Dyadic Group is Abelian, UgUh = UhUg for each g 
and h. 

As before, let gn be the n*'' term in the standard sequence of generators of 
that is, gn takes the value 1 in the n*'' coordinate and elsewhere. We abuse our 
notation by writing for the unitary Ug^ and "e„" for the projection 7rfl(e„) in 
the diagonal subalgebra of Mr. We then have: 

u„e„u„ = 1 - e„ and, for m ^ n, u„emU„ = e^- 

Let Ar = ■kr[C{Sr)\ be the diagonal algebra of Mr. We recall that the Boolean 
cr— subalgebra of the projections of Ar, generated by {e„ : n — 1, 2...}, contains all 
the projections oi Ar. □ 

Lemma 11.9. Let J- be the Fermion algebra. Then there exists an isomorphism H 
from J- onto the smallest norm closed * — subalgebra of Mr which contains {m„ : 
n = 1.2...} and {e„ : n — 1,2...}. This isomorphism takes the diagonal of !F onto 
the smallest closed abelian *— subalgebra containing {e„ : n — 1,2...}. 

Proof. For any projection p we define p'^^^ = p and p'^^^ — 1 ^ p. 

For each choice of n and for each choice of ai,...Q!„ from Z2, it follows from 
Lemma 11.8 that the product e"^e2^...e"" is neither 1 nor 0. In the notation of 
|50) . (e„) is a sequence of (mutually commutative) independent projections. The 
Lemma now follows from (the easy part) of the proof of Proposition 2.1 [50]. In 
particular, for each n, {uj : j = l,2,...,n} U{ej : j = l,2,...,n} generates a 
subalgebra isomorphic to the algebra of all 2" x 2" complex matrices. □ 

Definition 11.10. Let Br be the the smallest monotone (t— complete *— subalgebra 
of Mr which contains n[J^]. 

Lemma 11.11. Br is a monotone complete factor which contains Ar as a maximal 
abelian subalgebra. There exists a faithful normal conditional expectation from 
Br onto Ar. The state space of Br is separable. The factor Br is wild and of Type 
in. It is also a small C* -algebra. 

Proof. Let Dr be the faithful normal conditional expectation from Mr onto Ar. 
The maximal ideal space of Ar can be identified with the separable space Sr. Then, 
arguing as in Corollary 3.2, there exists a faithful state (f> on Ar. Hence (I)Dr is a 
faithful state on Mr and restricts to a faithful state on Br. So, by Lemma 3.1, Br 
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is monotone complete. Let D be the restriction of Dr to Br then 13 is a faithful 
and normal conditional expectation from Br onto Ar. 

Since each e„ is in Br it follows that Ar is a *— subalgebra of Br. Since it is 
maximal abelian in Mr it must be a maximal abelian *— subalgebra of Br. So the 
centre of Br is a subalgebra of Ar. Each u„ is in Br and so each central projection 
of Br commutes with each u„. Since the action e of the Dyadic group is ergodic, 
it follows that the only projections in Ar which commute with every m„ are and 
1. So is a (monotone complete) factor. 

The state space of every unital C*-subalgebra of Mr is a surjective image of 
the state space of Mr , which is separable. So the state space of Br is separable. 
Equivalently, Br is almost separably representable. A slightly more elaborate ar- 
gument shows that this algebra is small. See the remark preceding Theorem 6 

m- 

Since Br contains a maximal abelian *— subalgebra which is not a von Neumann 
algebra it is a wild factor. Also Mr is almost separably representable, hence it 
possesses a strictly positive state and so is a Type III factor [52], see also [30] . 

It now follows immediately that the factor is a small C*-algebra. For, by work 
of K.Saito ,31j, a monotone complete factor is a small C* -algebra whenever it has 
a separable state space. □ 

Proposition 11.12. The homomorphism 11 extends to a a — homomorphism 11°° 
from J-°° , the Pedersen-Borel envelope oj the Fermion algebra, onto Br. Let Jr be 
the kernel ofIl°° then J-°° / Jr is isomorphic to Br. 

Proof. This follows by Corollary 3.5. □ 

12. Approximately finite dimensional algebras 

We could proceed in greater generality, but for ease and simplicity, we shall 
only consider monotone complete C*-algebra which possess a faithful state. Every 
almost separably representable algebra has this property and hence so does every 
small C*-algebra. 

Definition 12.1. Let B be a monotone complete C*-algebra with a faithful state. 
Then B is said to be approximately finite dimensional if there exists an in- 
creasing sequence of finite dimensional subalgebras (Fn) such that the smallest 
monotone closed subalgebra of B which contains U^^iFn is B itself. 

Definition 12.2. If (i) B is a monotone complete C*-algebra which satisfies the 
conditions of Definition 12.1 and (ii) we can take each F„ to be a full matrix algebra, 
then B is said to be strongly hyperfinite. 

Definition 12.3. Let AI be a monotone complete C*-algebra with a faithful state. 
We call M nearly approximately finite dimensional ( with respect to B) ii it 
satisfies the following conditions: 

(i) AI contains a monotone closed subalgebra B, where B is approximately 
finite dimensional. 

(ii) There exists a linear map D : M ^ B which is positive, faithful and normal. 

(iii) For each z € M, there exists a sequence (z„)(n = 1,2...) in B, such that 
D{{z - z„){z - Zn)*) > D{{z - Zn+i)(z - Zn+i)*) for cach n, and 

A D{{Z - Zn){z - ZnY) = 0. 
n=l 
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Definition 12.4. Let M be a monotone complete C*-algebra with a faithful state. 
We call M liyperfinite if it contains a monotone closed subalgebra B such that 
(i) M is nearly approximately finite dimensional with respect to B and (ii) B is 
strongly hyperfinite. 



Proposition 12.5. 'Let S he a compact Hausdorff extremally disconnected space. 
Let G he a countahly infinite group and g he a free action of G as auto- 

morphisms ofG{S). Let M{G{S),G) he the corresponding monotone cross-product; 
let tt[C{S)] he the diagonal subalgehra; let D : M{C{S),G) — >■ 7r[C(5')] he the di- 
agonal map. Let g ^ Ug be a unitary representation of G in M{C{S),G) such 
that j3^(a) = Uguu* for each a G 7r[C(S')]. Let B be the monotone closure of the 
*-algebra generated by 7r[C(S')] U{ug : g £ G}. If B is AFD then M{G{S),G) is 
nearly AFD. 

Proof. By Theorem 10.1, B is the normalizer subalgebra of M{G{S), G). 

By Lemma 9.4, M{G{S),G) satisfies condition (iii) of Definition 12.3, with re- 
spect to B and the diagonal map D. 

It follows immediately that M{C{S), G) is nearly AFD whenever B is AFD. □ 

We recall that in Section 3 [34] we constructed a weight semigroup, W, which 
classifies monotone complete C*-algebras. In particular, for algebras Bi and i?2, 
they are equivalent (as defined in [34]) precisely when their values in the weight 
semigroup, wBi and wB2, are the same. 

REMARK The theory of von Neumann algebras would lead us to expect 
M{G{S),G) = G{S) G. But this is an open problem. However it is easy to 
show that w{AI{C{S),G)) ~ w{C{S) G), that is, the two algebras are equiva- 
lent. 

Let (T, O) be a feasible pair as in Section 11. Let TZ be the collection of all 
admissible subsets of T. For each i? e 7?, let = C{Su). Then, by Corollary 
20 tMj, we can find UqC TZ such that ^TZq = 2" where c = 2^° with the follow- 
ing property. Whenever Ri and R2 are distinct elements of TZq then Aj^-^ is not 
equivalent to An^that is, wAu-^ ^ wAj^.^. 

Theorem 12.6. There exists a family of monotone complete C* -algebras, (B\,X 6 
A) with the following properties: Each B\ is a strongly hyperfinite Type III factor, 
each B\ is a small C* -algebra, each B\ is a quotient of the Pedersen-Borel envelope 
of the Fermion algebra. The cardinality of K is 2'^ , where c — 2^° . When A 7^ /i then 
B\ and B^ take different values in the classification semi-group W; in particular, 
they cannot he isomorphic. 

Proof. First wc put A — TZq . For each R E TZq we have a faithful normal conditional 
expectation from Br onto the maximal abelian *— subalgebra Aji. We use the 
partial ordering defined in [SJ . Since Aft is a monotone closed subalgebra of Bji and 
Bji is a monotone closed subalgebra of Mn we obtain An Bn Mr. Since D_r is 
a faithful normal map from Mr onto Ar, we have Mn ;^ Hence An' Bn' Mn. 
By using the classification weight semi-group W, we get wAn = wBr = wMr. 
Since, for i?i i?2, we have wAr^ ^ wA^^ this implies wBr^ ^ wBr^. 
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The only item left to prove is that each factor Br is strongly hyperfinite. But 
the Fermion algebra is isomorphic to n[J^]. So 11 [J^] is the closure of an increasing 
sequence of full matrix algebras. It now follows that Br is strongly hyperfinite. □ 

Corollary 12.7. For each orbit equivalence relation E{R), corresponding to R, the 
orbit equivalence factor Me{r) is hyperfinite. 

Theorem 12.8. Let S be a separable compact Hausdorff extremally disconnected 
space. Let C{S) be countably a— generated. Let G be a countably infinite group 
of homeomorphisms of S with a free, dense orbit. Let E be the orbit equivalence 
engendered by G and Me the corresponding monotone complete factor. Suppose 
that the Boolean algebra of projections of C{S) is countably generated. Then Me is 
nearly AFD. Let B be the smallest monotone closed ^—subalgebra of Me containing 
the diagonal of Me and the unitaries induced by the action of G. Then B is AFD. 

Proof. By Corollary 9. 6, we may identify Me with M(C(S'), Z2). In other words 
we can assume that G — ® Z2 . We can further assume that g —i' fig, the action of 
G as homeomorphisms of S, is free and ergodic. Hence the corresponding action 
g , as automorphisms of C{S), is free and ergodic. Let tt be the isomorphism 
from C{S) onto the diagonal. Let 5 — > Ug be a unitary representation of ^1^2 such 
that UgTT{a)u* — TT{fi^{a)) for each a e C{S). 

Let {pn) be a sequence of projections in C{S) which ct— generate G{S). By Propo- 
sition 9.8 the C*-algebra,i?o, generated by {p„ : n = 1,2...} U {w„ : n = 1,2...} is 
the closure of the union of an increasing sequence of finite dimensional subalgebras. 
Let B be the smallest monotone ct— closed subalgebra containing Bq. {B is the nor- 
malizer subalgebra.) Then B is monotone closed (because Me has a faithful state) 
and AFD. Hence Me is nearly AFD. □ 

In Theorem 12.8 the hypotheses allow us to deduce that we can approximate 
factors by increasing sequences of finite dimensional subalgebras (AFD) but in the 
2'^ examples constructed in Section 11, we can do better. We can approximate 
by sequences of full matrix algebras (strongly hyperfinite). Let M be a monotone 
factor which is AFD. Is M strongly hyperfinite? Experience with von Neumann 
algebras would suggest a positive answer but for wild factors this is unknown. 

Is Me equal to its normalizer subalgebra? Equivalently is the "small" mono- 
tone cross-product equal to the "big" monotone cross-product? In general, this is 
unknown. This is closely related to the following question, which has been unan- 
swered for over thirty years: Let ^ be a closed *— subalgebra of L{H). Let A"^ 
be the Pedersen-Borel envelope of A. Let A^he the sequential closure of A in the 
weak operator topology. By a theorem of Davies A^ is a C*-algebra. Clearly 
A"' C A^. Are these algebras the same? For some special cases, a positive answer 
is known, see the discussion in [28] . 

Let A be a monotone complete factor which is almost separably representable. 
When A is a von Neumann algebra being AFD is equivalent to being strongly 
hyperfinite and is equivalent to being injective. But, as we pointed out in Section 
1, when A is a wild factor the relationship between injectivity and being AFD is a 
mystery. 
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